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Abstract. The earth’s atmosphere is not a perfect media through which to view objects in outer-
space; turbulence in the atmospheric temperature distribution results in refractive index variations
that interfere with the propagation of light. As a result, wavefronts are non-planar when they
reach the ground. The deviation from planarity of a wavefront is known as phase error, and it is
phase error that causes the refractive blurring of images. Adaptive optics systems seek to remove
phase error from incoming wavefronts. In ground-based astronomy, an estimate of the phase error
in a wavefront is typically obtained from wavefront gradient measurements collected by a Shack-
Hartmann sensor. The estimate is then used to create a counter wavefront, e.g. using a deformable
mirror, that (approximately) removes the phase error from the incoming wavefronts. The problem
of reconstructing the phase error from Shack-Hartmann gradient measurements requires the solution
of a large linear system whose form is defined by the configuration of the sensor. We derive this
system and present both the regular least squares and minimum variance approaches to its solution.
The most effective existing approaches are then presented alongside new computational methods,
and comparisons are made.

Keywords: adaptive optics, wavefront reconstruction, minimum variance estimation.

1. Introduction. The standard mathematical model for image formation in
ground-based astronomy is

d(x, y) =
∫

R2
k(x, y; ξ, η)f(ξ, η) dξdη.(1.1)

Here f is the object being viewed; d is the image of f seen by the telescope; and
k is the point spread function (PSF), which characterizes the blurring effects of the
imaging system. In traditional approaches, the PSF characterizes the diffractive blur
of the telescope as well as the refractive blur of the atmosphere. Adaptive optics sys-
tems, however, seek to remove the refractive effects of the atmosphere prior to image
formation. If this is done exactly, so-called diffraction limited imaging is obtained,
which is the goal of the astronomer.

The idea behind adaptive optics can be illustrate using the spatially invariant
PSF model

k[φ](x, y) =
∣∣∣F−1

{
P (x, y)eiφ(x,y)

}∣∣∣
2

,(1.2)

which is obtained using techniques from Fourier optics [5]. Here P (x, y) is the tele-
scope’s pupil indicator function, i.e. is 1 inside the pupil and 0 otherwise; and φ(x, y)
denotes the phase error, or simply the phase, and is defined to be the deviation from
planarity of the wavefront at the point (x, y). Adaptive optics systems seek to remove
the phase error φ from the incoming wavefronts. If done exactly, the resulting PSF
then has the form

k[0](x, y) =
∣∣F−1 {P (x, y)}∣∣2 ,(1.3)
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Fig. 1.1. One-Dimensional Phase Error Schematic. On the left, the effects of refractive
index variations in the earth’s atmsophere is illustrated. On the right, where both diffraction
limited and phase perturbed PSFs are plotted, the effects of phase errors on the corresponding
PSFs is demonstrated.

in which case the diffraction limited image

dDL(x, y) def=
∫

R2
k[0](x− ξ, y − η)f(ξ, η) dξdη,(1.4)

is what is seen by the telescope.
Phase errors arise due to index of refraction variations in the atmosphere. A

one-dimensional schematic of this process is given on the left in Figure 1.1. Since the
refractive index - denoted by ηi in the schematic - determines the speed of propagation
of the wavefront, variations in the refractive index result in wavefront perturbations,
or phase errors. To see the effects of phase errors on the PSF, on the right-hand side
in Figure 1.1 we plot two PSFs: one when phase errors characteristic of atmospheric
turbulence are present, and one when the phase error is zero.

The phase can be estimated in a number of ways [2]. The most common approach
in ground-based astronomy is to use the Shack-Hartmann sensor, which collects mea-
surements of the gradient of the incoming wavefronts and then seeks to reconstruct the
phase from those measurements. The phase estimate is then used to create a counter
wavefront distortion φDM via the deformation of an optical component known as a
deformable mirror (DM). If the PSF has the form (1.2) then the phase corrected PSF
will have the form

k[φ + φDM](x, y) =
∣∣∣F−1

{
P (x, y)ei(φ+φDM)(x,y)

}∣∣∣
2

,(1.5)

Ideally, the DM created counter wavefront satisfies φDM = −φ, so that the resulting
PSF has diffraction limited form (1.3). In practice, however, an accurate approxima-
tion of φ suffices.

In this paper, our focus is on the problem of estimating the phase from measure-
ments of the wavefront gradient. We assume that the gradient data g is collected by
a Shack-Hartmann sensor. The corresponding discrete phase φ will then satisfy the
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stochastic linear equation

g = Γφ + n,(1.6)

where Γ is a discrete gradient matrix, whose form is determined by the configuration of
the Shack-Hartmann sensor, and n is the noise vector. Early and existing approaches
to solving this problem involve minimizing the least squares function ||Γφ−g||2. How-
ever, for large-scale adaptive optics systems, least squares solutions can be unstable,
and the minimum variance estimator is preferred [6]. Minimum variance estimation
is a Bayesian statistical approach in which a prior probability density is assumed on
the phase. In our case, it can be accurately assumed that φ is a realization of a Gaus-
sian random vector with mean 0 and known covariance matrix Cφ. This, together
with (1.6), and the assumption that the noise vector n is Gaussian with mean 0 and
covariance matrix σ2I yields a linear system of the form

(ΓT Γ + σ2Cφ
−1)φ = ΓT g.(1.7)

The problem of efficiently solving (1.7), or, equivalently, of minimizing the penal-
ized least squares function ||Γφ−g||2 +σ2φT Cφ

−1φ, has seen much recent attention.
An efficient direct method for the solution of (1.7) using sparse matrix techniques is
explored in [6]. However, the most computationally efficient approaches have involved
the use of multigrid to precondition conjugate gradient iterations [9, 10]. In this paper,
we introduce two new approaches for approximately solving (1.7). The first involves
the use of a symmetric positive definite approximation of ΓT Γ as a preconditioner
for conjugate gradient iterations. The second approach is completely different, and
involves first computing the least squares solution of minimum norm φMNLS = Γ†g,
where “ † ” denotes pseudo-inverse. The minimum norm solution is then denoised
and stabilized via the solution of a linear system motivated by (1.7).

The paper is organized as follows. In Section 2, we present the linear system
that arises from the use of Shack-Hartmann sensor; we derive the minimum variance
linear system (1.7); and we discuss approximations of the covariance matrix Cφ.
Computational methods are presented in Section 3 and tested in Section 4. We end
with conclusions in Section 5.

2. Wavefront Reconstruction from Discrete Gradient Measurements.
In this section, we present the wavefront reconstruction problem that arises when
the Shack-Hartmann wavefront sensor is used. The Shack-Hartmann sensor collects
measurements of the gradient of incoming wavefronts of light emitted by the object
being viewed by the telescope. It consists of an array of lenslets, each of which focuses
the light within its aperture, and a charge coupled device (CCD) camera that records
the position of the focal point of the light within each lenslet. A measurement of the
average gradient of the wavefront over the lenslet aperture is then given by the position
of the focal point. A schematic of the Shack-Hartmann sensor in one-dimension is
given in Figure 2.1. A more detailed description with further references can be found
in [2].

The standard computational methodology for reconstructing the phase from Shack-
Hartmann gradient data was introduced by Fried in [4], where from the gradient mea-
surements, which are assumed to be centered within each lenslet array, the value of
the phase at the corners is computed. This is the so-called Fried geometry and is
illustrated in Figure 2.2. The gradient of the phase at (xi, yj), denoted ∇φ(xi, yj) =
(φx,i,j , φy,i,j), can be approximated given values of φ at the half grid points via the

3



-

-

-

Perfect

Wavefront

¨
§

¥
¦

¨
§

¥
¦

¨
§

¥
¦

Lenslet

Array

Focal

Plane

»»»»»
»»»»»
»»»»»

````̀

````̀

````̀

Perfect Wavefront

-

-

-

Distorted

Wavefront

¨
§

¥
¦

¨
§

¥
¦

¨
§

¥
¦

Lenslet

Array

Focal

Plane

!!!!!

»»»»»
aaaaa

````̀

Distorted Wavefront

Fig. 2.1. One-Dimensional Shack-Hartman Wavefront Sensor Schematic. The position
of the focal points determines the average derivative of the wavefront, and hence of the phase,
over each lenslet aperture.
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Fig. 2.2. Fried Geometry for the (i, j)th Lenslet. The wavefront sensor yields a mea-

surement of the the gradient of the phase at (xi, yj). The values of the phase at the half grid
points, i.e. at the corners of the apertures, are then sought.

following two formulas:

φx,i,j ≈ 1
2

[
(φi+ 1

2 ,j− 1
2
− φi− 1

2 ,j− 1
2
) + (φi+ 1

2 ,j+ 1
2
− φi− 1

2 ,j+ 1
2
)
]
,(2.1)

φy,i,j ≈ 1
2

[
(φi− 1

2 ,j+ 1
2
− φi− 1

2 ,j− 1
2
) + (φi+ 1

2 ,j+ 1
2
− φi+ 1

2 ,j− 1
2
)
]
,(2.2)

where we have assumed a grid spacing ∆x = ∆y = 1. We note that in practice, the
corners of the lenslet aperture correspond to the points on the deformable mirror of
the adaptive optics system where the deformations are actuated.

By lexicographically ordering (column stacking) the n× n array of the values of
φ at the half grid points, one obtains an n2× 1 vector φ. The equations on the right-
hand side of (2.1) and (2.2) can then be written in matrix-vector forms Γxφ and Γyφ
respectively. If the n×n× 2 array of gradient measurements is also lexicographically
ordered, and an n2×2 array g results. The unknown phase can then be reconstructed
by solving the stochastic linear system

g = Γφ + n,(2.3)

where Γ = [Γx,Γy]T and n ∼ N(0, σ2I). Throughout the paper, the notation y ∼
N(µ,C) will mean that y is a random draw from a Gaussian random vector with
mean µ ∈ Rn2

and covariance matrix C ∈ Rn2×n2
.
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Fig. 2.3. Grid Representations of the Fried Laplacian (on the left) and the Hudgin
Laplacian (on the right).

2.1. Least Squares Wavefront Reconstruction.. For small scale wavefront
reconstruction problems, the least squares solution of (2.3), given by minimizing

min
φ
‖Γφ− g‖22,

is known to provide excellent results [6]. One can equivalently solve the normal
equations

ΓT Γφ = ΓT g.(2.4)

The matrix ΓT Γ corresponds to a nonstandard discretization of the Laplacian oper-
ator ∆, with the grid representation given on the left in Figure 2.3 and homogeneous
Neumann boundary conditions. We will call this the Fried discrete Laplacian. The
standard discretization of the Laplacian has the grid representation given on the right
in Figure 2.3. We note that this is the discrete Laplacian that results from what is
known in the adaptive optics community as Hudgin geometry [12], and is therefore
referred to as the Hudgin discrete Laplacian [18]. We will use this terminology in
what follows.

Fried geometry yields more robust phase estimates than does Hudgin geometry
[19]. However, the null-space of the Fried Laplacian is larger than that of the Hudgin
Laplacian. In particular, it contains what is known as the waffle mode, which is the
n× n array with entries

[φWM]ij = (−1)i+j .(2.5)

In the sequel, we will also use φWM to denote the corresponding n2 × 1 lexicographi-
cally ordered vector. We say that a vector φ containes waffle mode if

φT φWM 6= 0.

Waffle mode has been observed in operational adaptive optics systems [13], and hence,
its presence in the null-space of the Fried Laplacian is not of only academic interest.

Before continuing, we prove an interesting relationship between φWM and the
Hudgin discrete Laplacian with homogeneous Dirichlet, homogeneous Neumeann, and
periodic boundary conditions.

Theorem 2.1. If homogeneous Neumann or periodic boundary conditions are
used to build the n2 × n2 Hudgin discrete Laplacian L, then the waffle mode φWM

solves

max
φ

φT Lφ

‖φ‖2 .(2.6)

If homogeneous Dirichlet boundary conditions are used, then φWM converges to the
solution of (2.6) as n →∞.
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Proof. First, by Gerschgorin’s circle theorem, the eigenvalues of L satisfy 0 ≤ λ ≤
8 for each of the three types of boundary conditions. Thus 0 ≤ φT Lφ/‖φ‖2 ≤ 8.

In the case of both periodic and homogeneous Neumann boundary conditions
φT

WMLφWM/‖φWM‖2 = 8, and hence φWM solves (2.6).
In the case of homogeneous Dirichlet boundary conditions, we note that L differs

from the discrete Laplacian with periodic boundary conditions in that it has 0 in
place of -1 in 4n locations. A straightforward calculation together with the fact that
‖φWM‖2 = n2 then yields φT

WMLφWM/‖φWM‖2 = 8 − 4/n → 8, and hence φWM

converges to the solution of (2.6) as n →∞.
We note that for large-scale problems 8 − 4/n ≈ 8, and hence, φWM maximizes,

or nearly maximizes, (2.6) in all three cases. This suggests the use of regularization
by the Laplacian to remove waffle mode and other high frequency errors in the phase
estimates. As we will see in the next section, such an approach can be motivated
statistically when the minimum variance approach is taken.

2.2. Minimum Variance Wavefront Reconstruction.. The preferred ap-
proach for stabilizing least squares phase estimation is to compute a minimum vari-
ance estimate for φ (c.f., [17]). Minimum variance estimation can be viewed as the
analogue of least squares estimation in the Bayesian setting. As we will see, the re-
sulting equations are similar. In the minimum variance framework, we assume that
the phase satisfies

φ ∼ N(0,Cφ),(2.7)

where the covariance Cφ is specified a priori. The minimum variance estimator can
then be defined as follows.

Definition 2.2. The minimum variance linear estimator of φ from g is given
by

φMV = B̂g,

where

B̂ = arg min
B∈Rn×m

E(‖Bg − φ‖2).

Here E denotes the expected value function.
In our case, the minimum variance estimator has an elegant close form, which

we state in the next theorem. Standard proofs of this theorem use notation from
probability theory. Here we present a proof from a matrix analysis viewpoint.

Theorem 2.3. Let g be data arising from model (2.3) with n ∼ N(0, σ2I) and
φ ∼ N(0, Cφ). Suppose in addition that Cφ is nonsingular and that n and φ are
independent. Then the minimum variance linear estimator of φ from g is given by

φσ
MV =

(
ΓT Γ + σ2Cφ

−1
)−1

ΓT g.(2.8)

Proof. First, we note that

E(‖Bg − φ‖2) = trace
(
E[(Bg − φ)(Bg − φ)T ]

)
,

= trace
(
BE[ggT ]BT −BE[gφT ]− E[φgT ]BT + E[φφT ]

)
.
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Then, using the distributive property of the trace function and the identity

d

dB
trace(BT C) =

(
d

dB
trace(BC)

)T

= C,

we see that dE(‖Bg − φ‖2)/dB = 0 when

B̂ = E[φgT ]E[ggT ]−1.

Now, since φ and n are independent, (2.3) implies E[φgT ] = E[φφT ]ΓT and E[ggT ] =
(ΓT E[φφT ]Γ + E[nnT ]). Thus

B̂g = CφΓT
(
ΓT CφΓ + σ2I

)−1

g,

=
(
ΓT Γ + σ2Cφ

−1
)−1

ΓT g.

The last equality follows from straightforward algebraic manipulation.
Thus the minimum variance wavefront estimate can be obtained by solving the

linear system
(
ΓT Γ + σ2Cφ

−1
)

φ = ΓT g,(2.9)

or, equivalently, by minimizing the penalized least squares function

‖Γφ− g‖22 + σ2φT Cφ
−1φ.(2.10)

Note, then, that the minimum variance estimator can be viewed as a Tikhonov esti-
mator, with quadratic regularization term σ2φT Cφ

−1φ.

2.3. Incorporating the Telescope’s Pupil. For simplicity of implementation,
computations are typically done on a square computational grid, even though the
telescope pupil geometry is usually either circular or annular. This information is
incorporated into the problem formulation using the pupil mask matrix M defined by

[M]ii =
{

1, i inside the pupil,
0 otherwise.

We then modify the linear stochastic model (2.3) as follows:

Mg = MΓφ + n,(2.11)

where MΓ def= [MΓx,MΓy]T . Following the minimum variance approach outlined
above, the penalized least squares function (2.10) takes the form

‖M(Γφ− g)‖22 + σ2φT Cφ
−1φ,(2.12)

and the linear system (2.9) is reexpressed as
(
ΓT MΓ + σ2Cφ

−1
)

φ = ΓT Mg.(2.13)

The corresponding regular least squares normal equations are given by

ΓT MΓφ = ΓT Mg.(2.14)
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2.4. Approximating the Phase Covariance. The phase covariance Cφ must
be chosen so that it is both physically realistic and amendable to fast computational
methods. We call attention to the fact that for an actual adaptive optics system,
algorithms for solving (2.9) must do so in real time.

Perhaps the most standard approximation for Cφ is to assume that it has the
form

CVK
φ = F∗ΛF,(2.15)

where F is the 2D discrete Fourier transform matrix, “ ∗ ” denotes conjugate trans-
pose, and the matrix Λ is diagonal with entries coming from the von Karman spatial
power spectral density of the atmospheric refractive index fluctuations, with universal
−11/3 inverse power law:

[Λ]k,k =
c2

[|k|2 + 1/L2
0]11/6

.(2.16)

Here k denotes spatial frequency, L0 is the turbulence outer-scale, which prevents an
unphysically infinite amount of energy at the origin, and c is the phase screen strength
(c.f. [15]).

However given the desire for real time computations for large-scale lenslet arrays
on so-called extreme adaptic optics systems, a sparse covariance approximation is
desirable. Such an approximation was introduced in [6]. Here the Kolmogorov power
spectral density c0|k|−11/3 (set L0 = ∞ and c = c0 in (2.16)) is approximated as
follows:

c0 |k|−11/3 ≈ c0 |k|−4.

Then, using the fact that the biharmonic, or squared Laplacian, operator “ ∆2 ” has
spectrum |k|4, the following discrete approximation of the covariance should be accu-
rate:

CBH
φ = c0 L−2,(2.17)

where L is a discrete Laplacian matrix. The constant c0 in (2.17) can be physically
interpreted as the strength of the turbulence, and is chosen in our simulations so that

E[φT (CVK
φ )−1φ] = E[φT (CBH

φ )−1φ](2.18)

holds.
In order to visually compare the two covariance approximations (2.15) and (2.17),

we plot random draws from the zero mean Gaussian random vectors with these as the
covariance matrices in Figure 2.4. They clearly exhibit similar characteristics.

Remark: Using covariance approximation (2.17) in (2.12) corresponds to regular-
ization by the `2 norm of the Laplacian, i.e. to adding the regularization function
(σ2/c0)‖Lφ‖2 to the regular least squares function ‖M(Γφ − g)‖2. Recall that this
is what was suggested in the remarks following Theorem 2.1.

3. Numerical Methods. In the early papers of Fried [4] and Hudgin [12], the
Gauss-Seidel iteration was used for numerically solving the normal equations (2.14).
In [16], symmetric Gauss-Seidel is implemented. However, it is well-known that it-
erative methods such these converge slowly in practice. Such methods are effective,
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Fig. 2.4. Random draws from zero mean Gaussian random vectors with (on the left)
von Karman covariance defined by (2.15) and (on the right) inverse of squared-Laplacian
covariance defined in (2.17).

however, if used within a multi-grid framework or as preconditioners (given that they
are symmetric) for conjugate gradient iterations. The use of multi-grid for solving
(2.14) is explored in [1, 14].

Direct methods for (2.14) are made feasible by the fact that ΓT MΓ is very sparse
and is fixed for a specific telescope. In [11], the least squares solution of minimum
norm solution is computed via the pseudo-inverse of MΓ, which we denote (MΓ)†.
The pseudo-inverse can be efficiently approximated using the Cholesky factorization.
In particular, noting that

(MΓ)† = lim
ε→0+

(ΓT MΓ + ε I)−1ΓT M,

one can compute a Cholesky factorization of ΓT MΓ + ε I for ε small, e.g., the square
root of machine epsilon (≈ 10−8). Because it will be useful to us later, we give a
detailed description of this approach now. After performing a reordering of indices
using MATLAB’s symamd function, ΓT MΓ + ε I has the form

Ã def=
[

A + ε I 0
0 ε I

]
,(3.1)

where A is sparse and symmetric positive semi-definite. We can then compute the
Cholesky factorization Ã = CT C. Assuming, without loss of generality, that Ã =
ΓT MΓ+εI, the minimum norm least squares solution can be efficiently and accurately
approximated via

φMNLS = (MΓ)†Mg ≈ C−1C−T ΓT Mg.(3.2)

Finally, since ΓT MΓ depends only on the inherent structure of the telescope, the
above Cholesky factorization can be computed offline, and hence, the cost of com-
puting minimum norm least squares solutions using this approach is restricted to the
computation of ΓT Mg and to the applications of C−1 and C−T . Also, due to the
presence of the pupil mask matrix M and the use of a sparse reordering of indices,
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the Cholesky factorization is very sparse, resulting in very efficient computations of
φMNLS.

For adaptive optics systems with extremely large lenslet arrays - so called extreme
adaptive optics - the minimum variance estimate φσ

MV obtained by solving (2.13) is
preferable to φMNLS. An added difficulty arises, however, due to the presence of
Cφ. Until recently, the von Karman covariance approximation (2.15), (2.16) was
standard. The fact that this is a full matrix made direct solutions of (2.13) infeasible.
However, the sparse biharmonic approximation (2.17) presented in [6] allowed for a
direct approach using a Cholesky factorization of

ΓT MΓ + (σ2/c0)L2,(3.3)

where L is a discretized Laplacian matrix.

3.1. Preconditioned Conjugate Gradient Methods. The preconditioned
conjugate gradient method (PCG) is an iterative method for minimizing quadratic
functions with symmetric positive semi-definite Hessian matrices [17], such as is the
case for (2.12). The implementation of PCG requires the solution of a linear system
of the form

Pz = v(3.4)

at each iteration, where P is the symmetric positive definite preconditioning ma-
trix, or, simply, the preconditioner. For the resulting implementation of PCG to be
efficient, solutions of (3.4) must be efficiently computable.

Thus far, the most computationally efficient approach for minimizing (2.12) is to
let z in (3.4) be what results following the application of one multigrid v-cycle [3]
applied to the linear system

(
ΓT MΓ + σ2Cφ

−1
)
z = v.

The corresponding preconditioning matrix P is made symmetric by using either a
symmetric smoother such as Jacobi or symmetric Gauss-Seidel, or by using Gauss-
Seidel with forward substitution for the pre-smoothing iterations and an equal number
of Gauss-Seidel iterations with backward substitution for the post-smoothing step.
The resulting algorithm, which we denote MGPCG, was applied for the von Karman
covariance approximation (2.15), (2.16) in [10] and for the biharmonic covariance ap-
proximation (2.17) in [9], with further analysis in [18]. The sparsity of the discrete
biharmonic makes the latter implementation the more efficient of the two. The effec-
tiveness of multigrid in this setting is not surprising when one considers that ΓT MΓ
is a discrete Laplacian matrix, and that Cφ

−1 either is, or is well-approximated by, a
discrete biharmonic matrix. Multigrid is known to be very effective for solving linear
systems involving both the discrete Laplacian and the discrete biharmonic matrices.

A preconditioner that has not to have been used for PCG applied to the problem
of minimizing (2.12) is

P def=
[

A + ε I 0
0 I

]
,(3.5)

where A is as defined in (3.1). As in that case, we compute a Cholesky factorization
CT C of P. Since P is noise independent, this can be done off-line. Thus the applica-
tion of P−1 requires only one forward and one backward substitution. We will call P
in (3.5) the least squares preconditioner, since in this case P is the coefficient matrix
for the regular least squares normal equations, and the resulting method LSPCG.
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3.2. The Denoised Least Squares Method. In this subsection, we introduce
a new approach for obtaining approximate solutions of (2.13). First, we denote the
Hudgin discrete Laplacian with periodic boundary conditions by L. Then, we have

L = F∗diag(λ1, . . . , λn2)F,(3.6)

where λ1 ≤ λ2 ≤ · · · ≤ λn2 are the eigenvalues of L, and F denotes the discrete
Fourier transform matrix with F∗ its conjugate transpose. We note that then λ1 = 0
corresponds to the constant eigenvector of L, and λn2 = 8 corresponds to the waffle
mode eigenvector φWM (recall Theorem 2.1).

Multiplying both sides of equation (2.13) by the pseudo-inverse of ΓT MΓ, we
obtain

((ΓT MΓ)†ΓT MΓ + (σ2/c0)(ΓT MΓ)†L2)φ = φMNLS,(3.7)

which can in turn be solved to obtain a smoothed, or denoised, approximation of
φMNLS.

We ignore for the moment the pupil mask matrix M and consider the matrix
product (ΓT Γ)†L. Recall that the Fried discrete Laplacian ΓT Γ has the grid repre-
sentation given in Figure 2.2. Note that after a rotation of the computational grid
by π/4 radians, the grid representation of ΓT Γ will match that of a Hudgin discrete
Laplacian, but with a grid spacing that is larger by a factor of

√
2. Taking this into

account, we approximate the Fried discrete Laplacian as follows:

ΓT Γ ≈ F∗diag(λ1, . . . , λr, 0, . . . , 0)F,(3.8)

where the λi’s are as in (3.6), and r chosen so that

λr < 8− 1
4
√

2
≤ λr+1.(3.9)

Note that φWM has a period of 4 on the computational grid and of 4
√

2 on the
rotated grid, hence our choice of truncation rule. Furthermore, our own computational
experiments indicate that (3.9) is optimal in the sense that it minimizes the error in
the phase reconstructions that result when the method we now present is used.

From (3.8), we know that within the telescope’s pupil,

ΓT MΓ ≈ F∗diag(λ1, . . . , λr, 0, . . . , 0)F.

Hence,

(ΓT MΓ)†ΓT MΓ ≈ F∗ diag(11, . . . , 1r, 0, . . . , 0)F,(3.10)
(ΓT MΓ)†L2 ≈ F∗diag(λ1, . . . , λr, 0, . . . , 0)F.(3.11)

This leads to the following approximation of (3.7):

F∗DFφ = φMNLS,(3.12)

where D is diagonal with elements

[D]ii =
{

1 + (σ2/c0)λi λi < r,
0 λi ≥ r.

(3.13)

11



The denoised minimum norm least squares solution can then be efficiently computed
via

φDMNLS = F∗D†FφMNLS,(3.14)

where D† is the pseudo-inverse of D.
As we will see, this approach is effective in practice. However, it also has the

benefit of being simple to implement and very computationally efficient. Furthermore,
it can be easily incorporated into adaptive optics systems that compute regular least
squares solutions other than φMNLS. In particular, a general least squares solution
φLS can be denoised via

φDLS = F∗D†FφLS.(3.15)

In the next theorem, we show that φDLS will not contain waffle mode even if φLS

does. This suggests that (3.15) should be considered as a method for removing waffle
mode from least squares solutions in operational adaptive optics systems [13].

We end the section with a proof that the least squares solution of minimum norm, the
minimum variance solution, and the denoised least squares solution do not contain
waffle mode.

Theorem 3.1. The least squares solution of minimum norm φMNLS = (MΓ)†Mg,
the minimum variance solution φσ

MV defined in (2.8), and the DLS solution obtained
by computing (3.15) for any least squares solution φLS do not contain the waffle
mode.

Proof. The null-space of MΓ contains φWM. The result for φMNLS then follows
from the fact that the range of (MΓ)† and the null-space MΓ only trivially intersect.

For the minimum variance solution, we note that φT
WMCφ

−1φWM > 0 for either
choice of Cφ. Noting that MΓφWM = 0, it follows immediately that the minimizer
of (2.12) does not contain waffle mode.

From (3.15), (3.13), (3.9) and the fact that φWM is an eigenvector of L with
eigenvalue 8, it follows that F∗D†FφWM = 0. Thus φDLS will not contain waffle
mode.

4. Numerical Experiments. We now test the effectiveness of the above ap-
proaches on simulated Shack-Hartman sensor data. We simulate a phase profile by
taking a random draw from the Gaussian random vector N(0,CKV

φ ) with physically
realistic values for the parameters in (2.16). The phase screen used for our simulations
is the 128×128 array plotted on the left in Figure 2.4. The noisy gradient data shown
in Figure 4.1 was obtained using (2.11) with n an i.i.d Gaussian random vector with
variance chosen so that the signal-to-noise ratio is 20, which is what was used in [18].

In our first comparsion, we apply preconditioned conjugate gradient (PCG) to
problem (2.12) with covariance (2.17) and c0 given by (2.18). Convergence results are
plotted in Figure 4.2, where standard conjugate gradient (CG), multigrid precondi-
tioned PCG (MGPCG), and PCG with least squares preconditioner (3.5) (LSPCG)
are compared. Our implementation of MGPCG used two iterations of Gauss-Seidel
with forward substitution for the pre-smoothing iterations and two iterations of Gauss-
Seidel with backward substitution for the post-smoothing iterations. The grid transfer
operator used full-weighting with homogeneous Dirichlet boundary conditions for the
restriction and a constant times its transpose for interpolation. See [3] for details on

12
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Fig. 4.1. Noisy Gradient Data. The x and y components of the gradient data computed
via (2.3) are seen on the left and right respectively.
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Fig. 4.2. Relative Error versus PCG iterations, Signal-To-Noise Ratio = 20.

this implementation. Since it is accuracy in the approximation of the true phase φtrue

that we are concerned with, we plot the relative error

||φk − φtrue||
||φtrue||

,

where k denotes PCG iterations. For this problem, MGPCG is the most effective at
minimizing the relative error. In fact, tests at a number of noise levels indicate that
LSPCG does not noticeably reduce the relative error after the first PCG iteration.
However, the reconstruction obtained after the first iteration of LSPCG is very similar
to that obtained by MGPCG. This can be seen in Figure 4.3, where the true phase and
the reconstructions obtained using a single iteration of LSPCG and three iterations
of MGPCG are given. Furthermore, analyzing CPU times over a number of runs
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Fig. 4.3. True phase on top, reconstruction obtained with one iteration of LSPCG in
the lower left; and reconstruction obtained with three iterations of MGPCG iterations on the
lower right.

for this problem, LSPCG appears to be about 7-10 times faster per PCG iteration
than MGPCG. Recall that multiplication by the inverse of the preconditioner (3.5) is
computed at a cost of only two sparse linear system backsolves.

We now analyze the denoised least squares (DLS) approach presented above. In
particular, we compute φDMNLS via (3.14), (3.2). In order to compare our results
with those obtained by MGPCG and LSPCG, we list the relative errors obtained by
each method for gradient data generated with signal-to-noise ratios of 50, 20, 10 and 5
in Table 4.1. The reconstructions obtained from one and two MGPCG iterations and
one LSPCG iteration are included. We note that more iterations of either method
results in, effectively, no reduction in relative error. In the last row of Table 4.1, we
give the average CPU time for each method. These values are given only to provide a
general notion of the computational efficiency of the respective methods. It appears
however, that while two iterations of MGPCG yields the smallest relative error for
all signal-to-noise ratios, the computation of φDMNLS yields nearly a two orders of
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SNR MGPCG 1 MGPCG 2 LSPCG GDLS
50 0.0316 0.0250 0.0294 0.0260
20 0.0443 0.0393 0.0476 0.0415
10 0.0593 0.0550 0.0698 0.0596
5 0.0805 0.0766 0.0953 0.0854

CPU 0.77 s 1.16 s 0.10 s 0.016 s
Table 4.1

Relative error table with the signal-to-noise ratio in the first column and CPU times for each
method in the last row.

magnitude improvement in computation time. Furthermore, φDMNLS has a lower
relative error than does the LSPCG solution at all noise levels. Given the similarity
of the LSPCG and MGPCG reconstructions shown in Figure 4.3, this suggests that
GDLS is an approach that deserves attention.

5. Conclusions. We have presented a detailed discussion of the problem of
wavefront, or phase, reconstruction from Shack-Hartmann wavefront gradient data.
This included a derivation of a discrete, stochastic linear system relating the gradi-
ent measurements to the underlying discrete phase φ; a derivation of the minimum
variance estimator for φ given the prior probability density φ ∼ N(0, Cφ); and a
discussion of estimates for the covariance Cφ.

Computational methods for the phase reconstruction problem were then pre-
sented. First, an efficient method for computing an accurate approximation of the
minimum norm least squares solution was given; it used a Cholesky factorization
with sparse reordering. Then the current gold standard for accuracy and efficiency,
the multigrid preconditioned conjugate gradient method (MGPCG), was compared
with two new approaches presented in this paper: the so-called least squares precon-
ditioned conjugate gradient method (LSPCG), and the denoised least squares method
(DLS). The results indicate that though MGPCG yields lower values for the relative
error error, the methods introduced here, and in particular the DLS method, are more
efficient and yield comparable results. The implementation of DLS used in our com-
parisons utilized the efficient method for computing the minimum norm least squares
solution φMNLS mentioned above, at a cost of two sparse linear system backsolves.
The denoised phase estimate φDMNLS was then computed at a computational cost of
only two discrete Fourier transforms, making DLS a very efficient approach.

We also presented results relating what is known in the adaptive optics community
as waffle mode to standard discretizations of the Laplacian operator, and showed that
the minimum norm least squares solution, the minimum variance solution, and the
denoised least squares solutions do not contain waffle mode
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