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ABSTRACT

Aims. It is well known from practice that incorporating nonnegativity constraints in image deblurring algorithms often yields
solutions that are much more stable with respect to errors in the data. In the current literature, no formal explanation of the
stabilizing effects of nonnegativity constraints has been given. In this paper, we present both theoretical and computational
results in support of this empirical finding.
Methods. Our arguments are developed in the context of the least-squares approach. For our analysis, we express the solution of
a nonnegatively constrained least squares-problem as a pseudo-solution of a linear system. The conditioning of the corresponding
coefficient matrix is then compared with the conditioning of the coefficient matrix of the linear system without constraints.
Results. In general, the matrix corresponding to the nonnegatively constrained problem is better conditioned than that of the
unconstrained problem, and as a result, the corresponding solutions are typically more stable with respect to errors in the data.
Conclusions. In astronomical imaging, some form of regularization is either implicitly or explicitly used in all algorithms. The most
standard regularization techniques, e.g., Tikhonov and iterative regularization, bias solutions in a way that is not compatible
with the true solution. The incorporation of nonnegativity constraints, on the other hand, provides stability in a way that is fully
compatible with the true solution. When incorporated into the least-squares framework, the resulting algorithms often yield
reconstructions that are either on par, or are of a higher quality, than those obtained with more sophisticated approaches. This
suggests that incorporating prior information about the object has a greater impact on results than does the sophistication of
the algorithm that is used. We emphasize that this is not an academic result. In fact, simple algorithms such as those based on
linear least-squares approaches are easy to implement, more flexible regarding the incorporation of constraints and are available
in the most popular packages. Consequently, we believe that in many situations they should be the first choice in deblurring
problems.
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1. Introduction

The restoration of images is a common problem in
Astronomy. Astronomical images are blurred due to sev-
eral factors: the refractive effects of the atmosphere, the
diffractive effects of the finite aperture of the telescope,
the statistical fluctuations inherent in the collection of
images by a CCD camera, and instrumental defects. The
widespread interest in this subject has resulted in the de-
velopment of a large number of algorithms with different
degrees of sophistication (for a review, see Starck et al,
2002).

In the past, there have been various claims regard-
ing the superiority of a one class of algorithms over an-

other (e.g., nonlinear vs. linear). However, it is neces-
sary to take into account that without the exploitation
of a priori information about the true solution, one algo-
rithm cannot be expected to provide better reconstruc-
tions than another. In particular, approaches that take
into account noise statistics are hindered in image re-
construction by the fact that the underlying problem
is ill-conditioned. More specifically, some type of regu-
larization, e.g., Tikhonov or iterative regularization, is
typically needed, which amounts to a (more or less ex-
plicit) low-pass filtering of the observed images. The fil-
tering operation has an important consequence: it does
not permit the full exploitation of the information con-
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Fig. 1. Satellite obiect. The image is 256× 256 pixels.

tained in the highest Fourier frequencies, i.e., those in
which the specific nature of the noise has the largest in-
fluence. Consequently, there may be little benefit seen,
in terms of reconstruction quality, from the incorpora-
tion of the specific statistical noise model, resulting in a
leveling in the reconstruction quality obtained by differ-
ent classes of algorithms. For example, Vio et al. (2005)
and Vio & Wamsteker (2005) have shown that the sim-
ple, least-squares Landweber (LW) algorithm yields re-
constructions of comparable quality to the more sophisti-
cated Richardson-Lucy (RL) algorithm, even in the case
of Poissonian noise (recall that RL can be viewed as a
maximum-likelihood method in the Poisson noise case).
To illustrate this point, in Figs. 1-3 a numerical exper-
iment is presented in which an object is superimposed
onto a flat, faint sky-background, and the blurred image
is corrupted with Poisson noise. Since RL assumes a more
accurate statistical model (NB., here we have used a ver-
sion of the algorithm that works with a sky-background
different from zero - see Bertero & Boccacci 2000), one
would expect it to be the superior algorithm. From Fig. 2,
it is evident that RL is superior when compared to LW.
However, a comparison of RL with the projected (non-
negatively constrained after sky-background subtraction)
LW algorithm suggests that RL is superior to LW not be-
cause it assumes a more accurate statistical model, but
because it incorporates the constraint on the level of the
sky-background. This supports our belief that in many
cases a least-squares approach should be used in place of
more sophisticated approaches, since the corresponding al-
gorithms (with or without constraints) are straightforward
to implement. For this reason, we will focus our attention
on the stabilizing effects of nonnegativity constraints on
least-squares problems.

The paper is organized as follows. We will begin in
Sect. 2 with a formalization of the problem. In Sect. 3,
using basic constrained optimization theory, we express
the solution of a nonnegatively constrained least squares
problem as a pseudo-solution of a linear system. In Sect. 4,
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Fig. 2. Plot of the relative solution error ‖xk − xtrue‖/‖xtrue‖
for the deblurring obtained with the least-squares Landweber
(LW), Projected Landweber (PLW), and Richardson-Lucy (RL)
algorithms. The original object, shown in Fig. 1, is superim-
posed on a background whose level is 1% of the peak value
of the blurred image. The PSF is a two-dimensional Gaussian
with a dispersion of 8 pixels. The size of the image is 256×256
pixels. The noise is Poissonian with peak S/N = 30 dB.
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Fig. 3. Solutions corresponding to the minimum of the relative
solution errors in Fig. 2.

theoretical results regarding the condition numbers of such
linear system are presented, and in Sect. 5 our numeri-
cal arguments are given. Finally, conclusions are made in
Sect. 6.

2. Formalization of the problem

When a two-dimensional object x(s, t) in outer-space is
viewed through a telescope, the observed image b(s, t) is



J. Bardsley et al.: Nonnegativity constraint in image deblurring problems 3

related to x(s, t) via the integral equation

b(s, t) =

+∞∫

−∞

+∞∫

−∞
A(s, t, s′, t′)x(s′, t′) ds′ dt′, (1)

where A(s, t, s′, t′) is called the point-spread function
(PSF) and characterizes the blurring effects of the imag-
ing system of interest. In the case of a spatially-invariant
PSF, model (1) takes the convolution form

b(s, t) =

+∞∫

−∞

+∞∫

−∞
A(s− s′, t− t′)x(s′, t′) ds′ dt′. (2)

In many experimental situations, this is the model that is
assumed.

Model (2) is only theoretical. In practical applications,
we only have discrete observations of the image b(s, t).
This means that we have to deal with a discrete linear
system

Ax = b. (3)

Here b and x are the discrete, column stacked image and
object respectively, and A is the discrete blurring matrix,
which is determined by A and is typically ill-conditioned.

We will focus our analysis on n × n linear systems of
the form (3), where A is nonsingular, and subject to the
nonnegativity constraints

xi ≥ 0, i = 1, . . . , n. (4)

In the sequel, we will use x ≥ 0 to denote (4). One ap-
proach for estimating the discrete object, or true image,
from b is to solve the least squares minimization problem

min
x
‖Ax− b‖2. (5)

Here ‖ · ‖ denotes the standard `2 norm. Since A is non-
singular, the solution of (5) is given by x = A−1b. In this
paper, we seek to analyze the effects of replacing (5) by
the nonnegatively constrained least squares problem

min
x≥0

‖Ax− b‖2. (6)

Due to the fact that A is ill-conditioned, solutions of both
(5) and (6) are typically unstable with respect to noise in
data vector b. What we will show, via both theoretical
arguments and numerical results, is that this instability
can be expected to be less pronounced in (6).

Before continuing, it is necessary to stress that with
model (6) we are implicitly assuming that the object
is superimposed to a black sky-background. In practical
applications, this condition is clearly unrealistic. In any
case, this point can be trivially solved by using an image
b∗ = b− s, with s the sky-background (e.g., see Bertero
& Boccacci 2000).

3. Nonnegatively Constrained Least Squares

Given our assumption that A is nonsingular, problem (6)
has a unique solution. In this section, using some basic
theory from constrained optimization, we express this so-
lution as a pseudo-solution of a linear system.

We begin by making a few definitions. First, we say
that x is feasible if x ≥ 0, and we define the active set of
any feasible x by

A(x) = {i | xi = 0}. (7)

We can then define the diagonal matrix D(x) for x ≥ 0
by

[D(x)]jj =
{

1, j /∈ A(x),
0, j ∈ A(x). (8)

We now focus our attention on (6). Note that

‖Ax− b‖2 = xT AT Ax− 2xT AT b + bT b. (9)

Since A is invertible, AT A is positive definite, and hence,
the least squares function is strictly convex. Thus, (6) has
a unique minimizer. To obtain the form of this minimizer,
we note that since (9) is strictly convex, the necessary and
sufficient conditions for x∗ to be the unique minimizer of
(6) are given by Eq. (4) together with

[AT Ax∗ −AT b]i ≥ 0, i = 1, . . . , n, (10)
x∗i · [AT Ax∗ −AT b]i = 0, i = 1, . . . , n. (11)

Equations (4), (10), and (11) are known as the Karush-
Kuhn-Tucker (KKT) conditions for (6) (see Nocedal &
Wright (1999) for details).

From (11), we have that for all i such that x∗i > 0

[AT Ax∗ −AT b]i = 0. (12)

Then, using the notation D∗ = D(x∗), since D∗x∗ = x∗,
we have that

D∗(AT AD∗x∗ −AT b) = 0, (13)

or
D∗AT AD∗x∗ −D∗AT b = 0, (14)

which are the normal equations for

min
x
‖AD∗x− b‖2. (15)

To find an expression for x∗, we note that since x∗i = 0 for
all i ∈ A(x∗), x∗ is the minimum norm solution of (15).
That is,

x∗ = (AD∗)†b, (16)

where “†” denotes pseudo-inverse.
The analysis above shows that the minimum norm so-

lution of the unconstrained problem (15) and the unique
solution of the nonnegatively constrained problem (6) are
the same. In practice, though, one does not solve (15) since
D∗ is not known a priori. Nonetheless, a careful consider-
ation of (15) and the associated linear system

AD∗x = b. (17)

will be a key component of the arguments set forth in this
paper.
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4. The Condition Numbers of A and AD∗.

We have shown that the imposition of nonnegativity con-
straints in (6) corresponds to replacing A in (3) by AD∗,
giving (17). Our objective is to investigate and compare
the stability of linear systems (3) and (17). For this we
need to define the singular value decomposition (SVD) of
a matrix.

The SVD of an m × n, m ≥ n, matrix B with full
column rank (see Björck 1996) is given by

B = UΣVT , Σ =
(

Σ1

0

)
, (18)

where U is an m×m unitary matrix, V is an n×n unitary
matrix, and Σ is m×n with Σ1 = diag(s1, s2, . . . , sn) and
s1 ≥ s2 ≥ · · · ≥ sn > 0. The si’s are known as the singular
values of B.

We now survey some basic facts about singular val-
ues (for a thorough exposition, see, e.g., Horn & Johnson
1985, 1991). Let si(B) denote the ith largest singular value
of B, and again, suppose B has full column rank. Then

‖B‖ = max
06=x∈Rn

‖Bx‖
‖x‖ = s1(B), (19)

and (see Ben-Israel & Greville 1974, Exercise 6.17),

‖B†‖−1 = min
06=x∈Rn

‖Bx‖
‖x‖ = sn(B). (20)

The condition number of B is then defined

cndB = s1(B)/sn(B) = ‖B‖‖B†‖. (21)

Although a direct relationship between cndB and the
instability of solutions of linear systems of the form Bx =
d to small changes in d does not exist, it is typically the
case that the larger cndB is, the greater is this instability
(see Hansen 1997). This motivates the approach that
we will now take in our arguments. Namely, we will show
that nonnegativity constraints have a stabilizing effect by
showing that, in general, we can expect AD∗ to have a
smaller condition number than A.

First, not that there exists a permutation matrix Q
such that the first r diagonal entries of the diagonal ma-
trix D′ = QT D∗Q are one, with the remaining diago-
nal entries zero. We define A′ = AQ. Then the singular
values of A′D′ are equal to the singular values of AD∗.
Therefore, without loss of generality, we may assume that

D∗ =
(

Ir 0
0 0

)
. (22)

Consider the partition A = (A1 A2), where the first
part consists of the first r columns and the second part
of the remaining columns of A. Then AD∗ = (A1 O).
Since A has full column rank, so does A1. Thus cndA1

is defined. We will show that cndA1 ≤ cndA. First note
that r ≤ n (recall that A is n × n). Then if x ∈ Rr, and
we denote

x̃ =
(

x
0

)
, (23)

we have

s1(A1) = max
0 6=x∈Rr

‖A1x‖
‖x‖ = max

06=x̃∈Rn

‖Ax̃‖
‖x̃‖

≤ max
0 6=z∈Rn

‖Az‖
‖z‖ = s1(A), (24)

and

sr(A1) = min
0 6=x∈Rr

‖A1x‖
‖x‖ = min

06=x̃∈Rn

‖Ax̃‖
‖x̃‖

≥ min
0 6=z∈Rn

‖Az‖
‖z‖ = sn(A). (25)

Therefore

cndA1 =
s1(A1)
sr(A1)

≤ s1(A)
sn(A)

= cndA. (26)

If we define the condition number of AD∗ by

cndAD∗ := cndA1, (27)

inequality (26) yields

cndAD∗ ≤ cndA. (28)

Thus solutions of (17) can be expected to be more sta-
ble with respect to noise in the data vector b than are
solutions of (3).

In astronomical imaging examples, though, a stronger
inequality often holds. Due to the fact that there is often
a substantial black or faint background in the astronom-
ical objects being viewed, r is often much smaller than
n. In such cases, the vectors x̃ will cover a small sub-
space of Rn. Since the maximum (respectively minimum)
of a function over a big set is usually much larger (respec-
tively smaller) than that over a small subset, it is not un-
usual for s1(A1) ¿ s1(A) in (24) and/or sr(A1) À sn(A)
in (25), which yields s1(A1)/sr(A1) ¿ s1(A)/sn(A). In
such cases, (28) can be replaced by

cndAD∗ ¿ cndA. (29)

When (29) holds, one can expect that the solutions of (17),
and hence (6), will be much more stable with respect to
error in b than (3). The fact that (29) does in fact hold in
practical examples is confirmed by our numerical results
in Sect. 5.

5. Numerical Results

In this section some numerical experiments are presented
that support our claims. Although the theoretical ar-
guments presented above do not depend on the dimen-
sionality of the problem, here we consider only the one-
dimensional version of model (2). This is because only in
this instance are we able to compute the condition number
of A directly. Moreover, we have deliberately chosen non-
astronomical objects. In fact, because of the more impor-
tant contribution of the high frequency components, ob-
jects with sharp outlines are much more difficult to restore
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Fig. 4. Plots of Objects and Blurred, Noisy Images. The plot
of the discrete true image xtrue has the solid line and is defined
by (34). The plot of the true image corresponding to ρ = 0.01
is given in the upper left, to ρ = 0.04 in the upper right, to
ρ = 0.07 in the lower left, and to ρ = 0.1 in the lower right.
The plots of the corresponding blurred, noisy images have the
dashed line.

than those of typical astronomical observations. Hence, we
consider very sharply structured objects.

The one-dimensional version of model (2) is given by

b(s) =
∫ 1

0

A(s− s′)x(s′)ds′, (30)

where we use a PSF A(s) given by a Gaussian

A(s) = C exp(−s2/2γ2), (31)

with C and γ positive parameters.
Discretizing (30) yields a linear system of the form

(3). If midpoint quadrature is used in the s′ variable, the
resulting matrix A has the form

[A]ij = hC exp
(
− (i− j)2h2

2γ2

)
, 1 ≤ i, j ≤ n, (32)

where h = 1/n. With this definition, A is an invertible
matrix, and hence, the analysis from the previous sections
applies.

We now consider some specific examples. We build our
matrix A using (32) with n = 80 and γ2 = 0.00125. The
data vector b is generated b via the statistical model

b = Axtrue + N, (33)

where xtrue is the object, or true image, and N is an
n× 1 independent and identically distributed, zero mean
Gaussian random vector with standard deviation chosen
so that the signal-to-noise ratio (‖b‖/‖N‖) is 30.

We consider several different choices for xtrue since D∗,
and hence, the condition number of AD∗, depends upon
the object xtrue. We begin by considering objects that
have the form

xtrue =
{

1 1
2 − ρ ≤ [xtrue]i ≤ 1

2 + ρ,
0 otherwise, (34)

Table 1. Condition Numbers of AD∗ for Various ρ

ρ cndAD∗ s1 sr

0.01 2.448× 102 3.821× 10−5 1.561× 10−7

0.04 6.589× 104 5.784× 10−5 8.780× 10−10

0.07 2.330× 104 5.392× 10−5 2.313× 10−10

0.1 1.678× 104 5.115× 10−5 3.048× 10−10

0 0.5 1
0

0.2

0.4

0.6

0.8

1

ρ=0.01

s

In
te

ns
ity

0 0.5 1
0

1

2

3
ρ=0.04

s

0 0.5 1
0

0.5

1

1.5

2

2.5

ρ=0.07

s

In
te

ns
ity

0 0.5 1
0

1

2

3

ρ=0.1

s

Fig. 5. Plots of the Minimizers of ‖Ax − b‖2 Subject to the
Constraint x ≥ 0. The plot of the discrete true image xtrue has
the solid line. The nonnegatively constrained solutions have
the dashed line. The upper left-hand corner corresponds to the
true image with ρ = 0.01, the upper right to the true image
with ρ = 0.04, the lower left to the true image with ρ = 0.07,
and the lower right to the true image with ρ = 0.1.

where 0 ≤ ρ ≤ 1
2 . We perform experiments for four sep-

arate values of ρ: ρ = 0.01, ρ = 0.04, ρ = 0.07, and
ρ = 0.1. The plots of these objects and of the correspond-
ing blurred, noisy images are given in Fig. 4.

An accurate estimate of D∗ for each example can
be obtained using the projected Newton (PN) method
(Bersekas 1982; Kelley 1999). This method is guaran-
teed to converge to the unique minimizer of (6) for any
initial guess. It can also be shown that there exists an in-
teger N such that D(xPN

k ) = D∗ for all k ≥ N , where xPN
k

is the kth PN iterate. Motivated by this, in each example
we take D∗ = D(xPN

200). From this, cndAD∗ = s1/sr can
be computed. The values of cndAD∗, s1 and sr for the
different objects can be found in Table 1. Note that in all
cases, the condition number of AD∗ is substantially less
than the condition number of A, which is 1.2×1017. Thus
inequality (29) holds in these cases. Hence, more stable re-
sults for the constrained problem can be expected. This
is confirmed by Figs. 5 and 6, which show plots of the so-
lutions of the unconstrained least squares problem (5) and
of the nonnegatively constrained least squares problem (6)
respectively. From these figures it is evident that for these
examples the nonnegatively constrained solutions are far
more stable with respect to errors in the data than are
the unconstrained solutions. We emphasize that the plots
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Fig. 6. Plots of the Minimizers of ‖Ax− b‖2. The upper left-
hand corner corresponds to the true image with ρ = 0.01, the
upper right to the true image with ρ = 0.04, the lower left to
the true image with ρ = 0.07, and the lower right to the true
image withρ = 0.1.

in Fig. 5 should not be viewed as reconstructions. They
are presented only to illustrate the benefit, in terms of
stability, of imposing the non-negativity constraint on the
solution.

We next consider an example in which the object xtrue

consists of several sources. A plot of both xtrue and b
is given in Fig. 7. In this case, the object is composed
of three sources, each of the type (34): one with ρ = 0,
one with ρ = 0.01 and one with ρ = 0.1. For this ex-
ample, with D∗ computed as in the previous examples,
cndAD∗ ≈ 1.069×105. Since cndA ≈ 1.2×1017, inequal-
ity (29) is satisfied for this example as well. Hence, more
stable results for the nonnegatively constrained problem
can be expected. A plot of the nonnegatively constrained
least-squares solution is given in Fig. 8. Again, notice that
noise amplification occurs, but a comparison with the un-
constrained least-squares solution, which is analogous to
those found in Fig. 6, shows that the amplification is mild.

6. Conclusions

The deblurring problems that arise in image reconstruc-
tion are inherently ill-conditioned. Exact solutions of such
problems are typically unusable due to the fact that they
are unstable with respect to errors in the collected image.
For this reason, some form of regularization of the solution
is necessary. The most standard regularization techniques,
e.g., Tikhonov and iterative regularization, bias solutions
in a way that is not compatible with the true solution.
We have provided both theoretical and numerical argu-
ments to the effect that the imposition of nonnegativity
constraints can be expected, in many cases, to improve
stability, but in a way that is fully compatible with the
true solution. We focused our attention on the stabilizing
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Fig. 7. Plots of an Object and Corresponding Blurred, Noisy
Image. The plot of the discrete object xtrue has the dashed
line. The plot of the noisy, blurred image b has the solid line.
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Fig. 8. Plots of the True Image and the Minimizer of ‖Ax−b‖2
Subject to the Constraint x ≥ 0. The plot of the discrete true
image xtrue has the dashed line. The plot of the nonnegatively
constrained solution has the solid line.

effects of nonnegativity constraints in linear least-squares
problems. This choice allowed for a more straightforward
analysis. However, the fact that when the nonnegativity
constraint on the solution is not active, the (nonlinear)
Richardson-Lucy algorithm and the (linear least-squares)
Landweber algorithm provide quite similar results (Vio et
al. 2005; Vio & Wamsteker 2005), leads us to conjecture
that nonnegativity constraints will also provide stability
for other approaches and that, in general, approaches that
are more sophisticated than least-squares cannot be ex-
pected to yield better results. More generally speaking,
these results suggest that the incorporation of a priori in-
formation is more important than the sophistication of the
approach that is taken, and hence, that the simple least-
squares approach should be the first choice for this kind
of problem.
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