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Abstract

We consider the comparison of mean vectors for k groups when k is large and sample size per
group is fixed. The asymptotic null and non-null distributions of the normal theory Likelihood
Ratio, Lawley-Hotelling and Bartlett-Nanda-Pillai statistics are derived under general conditions.
We extend the results to tests on the profiles of the mean vectors, tests for additional information
(provided by a sub-vector of the responses over and beyond the remaining sub-vector of responses in
separating the groups) and tests on the dimension of the hyperplane formed by the mean vectors. Our
techniques are based on perturbation expansions and limit theorems applied to independent but non-
identically distributed sequences of quadratic forms in random matrices. In all these four MANOVA
problems, the asymptotic null and non-null distributions are normal. Both the null and non-null
distributions are asymptotically invariant to non-normality when the group sample sizes are equal.
In the unbalanced case, a slight modification of the test statistics will lead to asymptotically robust
tests. Based on the robustness results, some approaches for finite approximation are introduced. The

numerical results provide strong support for the asymptotic results and finiteness approximations.
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1 Introduction

1.1 Model and Background

Let yi1,¥i2,.--,Yin, be n; identically and independently distributed p-dimensional vectors of obser-
vations from population (in the treatment group) II;, ¢ = 1,..., k. Assume that y;; can be modeled
as

vi =M +5 %, j=1,...,n; and i=1,... )k (1.1)
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where X is a p x p positive definite matrix of unknown constants and the €;;’s are identically and
independently distributed with mean O and variance [,. Clearly, model (1.1) implies that E(y;;) = u,
and var(y;;) = X.

In this paper we are concerned with various tests on the mean vectors p, o, . . ., p;,. More pre-
cisely, we first consider the problem of testing equality of the mean vectors. Second, we consider testing
problems that arise when observations are collected at successive but fixed time points for all subjects
in the study groups. In these testing problems interest lies in analyzing the mean profiles in the different
groups. The analysis based on these tests is called Profile Analysis. The third testing problem we con-
sider deals with questions on equality of mean vectors given that the groups are known to be the same in
terms of some other concomitant variables. This testing problem is referred to as Testing for Additional
Information. The last testing problem we consider is closely related to the first testing problem. If the
null hypothesis of common mean vectors is rejected then we would like to know the dimension of the
hyperplane containing the mean vectors. This dimension is also the number of discriminant functions
needed to separate the groups. The dimension is determined by conducting a sequence of tests known
as Tests of Dimensionality. For a detailed description of the above four testing problems see Rao (1973,
Section 8c) and Rencher (2002, Chapters 5 and 6).

For each of these testing problems, we obtain the asymptotic null and non-null distributions of
some common multivariate tests statistics without assuming normality. The statistics are known as
the Likelihood Ratio, Lawley-Hotelling and Bartlett-Nanda-Pillai statistics. The tests based on these
statistics are known to have some desirable properties under normality. It is also known that none
of these tests uniformly most powerful than the other two under normality. Indeed for large sample
size (large n;’s), the three tests are equivalent up to the order O(N '), where N = Zle n;, for all
the MANOVA problems discussed in the previous paragraph regardless of the normality assumption .
Moreover, except for the tests of dimensionality, the other tests are robust (up to the order O(N 1)) to
non-normality both in terms of size and power (see Seo, Kanda and Fujikoshi, 1995, Fujikoshi, 2002,
Gupta, Xu and Fujikoshi, 2006 and Maruyama, 2007).

An interesting feature of this paper is the asymptotic framework in which we let the number of pop-
ulations (treatment groups) to go to infinity keeping the sample sizes per populations (treatment groups)
fixed. This asymptotic framework is very important in the analysis of DNA gene expression data. For
example, Storey et al. (2005) proposes a model for assessing temporal changes in differential expres-
sions of genes in control and endotoxin treated individuals. One interesting aspect of this experiment
is the comparison of the temporal differential expression profiles across the genes (large in number, say
k) for each of the control and treatment groups. There has been some advancement in this asymptotic
framework in the parametric ANOVA setup (see Akritas and Arnold, 2000, Bathke, 2002, Akritas and
Papadatos, 2004 and Gupta, Harrar and Fujikoshi, 2006, 2007 and Harrar and Gupta, 2007). The exten-
sion to the multivariate situation is particularly interesting and non-trivial mainly for two reasons. First,
there is a multitude of possible test statistics in the multivariate situation, and, secondly, some of the
multivariate problems do not have a univariate counter part. For example, profile analysis, testing for

additional information and testing for dimensionality do not have univariate counter parts.



1.2 Preliminaries

Two matrices that are central in this paper are the hypothesis and error sum of squares and cross products,

denoted by H and F, respectively. These matrices are given by

k  n; k  n;
H=> > (yi—-y)F—y) ad E=YY (vij— i)y —¥:) (1.2)

=1 j=1 i=1 j=1

where
; ; k
Vi=n;"Y yij, ¥.=N"'Y > y; and N=> n,. (1.3)
j= ; j =1

We will need the following assumptions for the development of the results of the paper. We will also
need others assumptions peculiar to the testing problem considered in the later sections of the paper. We

shall present those as we need them.

Al: N = nk where n does not depend on k.

k

A2 : Z n; 1 — nk where n does not depend on k.
=1

A3 : E(e},e11)*™ < oo for some 6 > 0.

k

1
A4 igg)gzzlnfw < oo for some § > 0.

Assumptions A1 and A2 say that for large & the averages of the sample sizes and inverses of the sample
sizes grow with £ in a linear fashion. Since the n;’s are fixed, these assumptions are not very restrictive.
For example if n; = ny = ... = ny then these assumptions are automatically satisfied. In fact we can

make these assumptions even milder with out affecting the validly of our results by simply requiring

k k

(1/k)) “ni=0(1) and (1/k)Y n;=O(1)

i1 i=1
as k — oo.

The asymptotic distributions of the test statistics will be shown to be normal. At the center of
the derivations is the application of Lindebeg-Feller’s Central Limit Theorem to independently (not
necessarily identically) distributed quadratic forms in random matrices. The assumptions A3 and A4
guarantee the validity of the Lindeberg’s condition for the application in this paper. Nevertheless, when
ni = ng = ... = ny these assumptions will not be needed except for the test of dimensionality even in

that case only Aj is needed (see Section 5).

In our presentation we use the following notations. First, 0 will denote the vector (0,...,0)’, the
dimension will be clear from the context. Second, 1,, denotes an n-dimensional vector (1,...,1)" con-

sisting of ones. Third, I, is the identity matrix of order n, J,, = 1,1/ and P, = I,, — n=1J,. We write
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diag(ay, as, . .., a,) to refer to the diagonal matrix whose diagonal entries are ay, as, . . ., a,. The sym-
bol “5” stands as an abbreviation for “converges in distribution to”. Further, we will use the Kronecker
(or direct) product A ® B, of matrices A and B, the vec operator that stacks columns of a matrix on top
of each other, and the commutation matrix K,, ,. See Magnus and Neudecker (1979) for the definition
and properties of the commutation matrix.

Some of the proofs in this paper appeal to limit theorems for sums of independent quadratic forms
in random marines. These limit theorem require computation of the first two moments of the quadratic

forms. The following Lemma will aid in these computations.

Lemma 1.1. Suppose € = (g1, €, ...,&,) where €; is a p X 1 vector. Assume €1, €, ..., &, indepen-
dently and identically distributed with mean 0 and variance ¥. Let A = (a;j) be an n x n symmetric

matrix. Then,
i. E(EAE) =tr(A)X and
ii. var(EAE) = tr(A%) (L2 + K, ,)(Z ® X) + tr(Diag(A)?) Ky(e1)
where K,(e1) = E(vec(e€])vec(ei€])’) — (L2 + K,,) (X @ X) — vec(X)vec(X)" and Diag(A) =
diag(ai1, azs, - . ., ann)
The following Corollary is an immediate consequence of Lemma 1.1.

Corollary 1.1. Let the notations and assumptions be as in Lemma 1.1. Then,
var (tr(EAE")) = 2tr(A*)tr(X?) + tr(Diag(A)?) (ug — 2tr(X?) — (trX)?)
where (1, = ZP;E(eS%aé?%b).
Note that when all the diagonal entries of A are zeros, the second terms in the right hand side of the

variances vanish. The proofs of Lemma 1.1 and Corollary 1.1 are found in Bathke and Harrar (2006).

The rest of the paper is organized as follows. In section 2, the asymptotic distributions of the three
test statistics for testing equality of mean vectors are obtained. The results are extended, in Sections
3-5, when the statistics are applied for testing hypotheses on the mean profiles, testing for additional
information and testing a sequence of hypotheses to determine the dimension of the hyperplane contain-
ing the mean vectors, respectively. Finite sample approximations are discussed in Section 6. In Section
7, the performance of the asymptotic results and the finite sample approximations are investigated via

simulation studies. Section 8 contains some concluding remarks.

2 Tests for Equality of Mean Vectors

2.1 Hypotheses and Test Statistics

Consider the model 1.1 and testing the hypothesis

Ho:py =py=...=p, versus Hp: NotHy.
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Under the assumption €;; has normal distibution, the three commonly used tests are based on the Like-
lihood Ratio, Lawley-Hotelling and Bartlett-Nanda-Pilai crteria. These criteria, denoted by Trr, Ty
and T'gnp, respectively, are defined as follows.

Tir = —log(|E|/|H + E|), Tiw=trHE™' and Tpnp = trH(H + E)™", 2.1)

The exact null and non-null distributions of these statistics take complicated forms except in a few spe-
cial cases. Tabulations have been provided in some cases (see Schatzoff, 1966 , Pillai and Gupta, 1969,
and Gupta, 1971). On the other hand, these statistics are known to have asymptotic chi-square distribu-
tion as sample size tends to infinity. There are also satisfactory asymptotic expansions as functions of
chi—square variables, see for example Anderson (1984). Asymptotics in the large dimension framework
have been recently considered by some researchers (see, for example, Mudholkar and Trivedi, 1980,
Tonda and Fujikoshi, 2004, Srivastava and Fujikoshi, 2006). For a review of the works in this direction
see Fujikoshi (2004).

Under non—-normality, the null distributions of these statistics are known to converge to chi-square
distribution if N/n; = O(1) as the n;’s tend to infinity. There are also few recent works on asymptotic
expansions of the distributions of these statistics under non-normality (Fujikoshi, 2002).

The focus of this section is the asymptotic null and non-null distribution of the test statistics (2.1)
when £ tends to infinity but the n;’s are fixed (small). In this asymptotic framework the condition
N/n; = O(1) does not hold and, therefore, the usual large sample asymptotic x? results do not hold.
Under normality, Fujikoshi (1975) derived asymptotic expansion for the null and non—null distributions
of the three statistics in the general linear hypothesis context when both the hypothesis and error degrees
of freedom are large. His asymptotic framework, stated in the one way layout context, is equivalent to
k and N tending to infinity (assuming n; > 2 fixed) at the same rate such that k/N — ¢ € (0,1/2], .
Gupta, Harrar and Fujikoshi (2007) generalized Fujikoshi’s work in the one-way layout case by replac-
ing the normality assumption with some moment conditions. Namely, they assumed existence of fourth
order moments of the errors to derive the null and non-null distributions. In addition, they required the
third order moments of the errors to be zero in the non-null case. Another generalization to the multivari-
ate variance components model was done by Gupta, Harrar and Fujikoshi (2006). This section presents
a generalization of Gupta, Harrar and Fujikoshi (2007) by dropping the third moment condition in the
non-null case and dropping the forth order moment condition in the balance null case. The work in this
section can also be viewed as a multivariate generalization of Akritas and Arnold (2000), Bathke (2002)
and Akritas and Papadatos (2004). Akritas and Arnold (2000) derive the asymptotic distribution of the
ANOVA F-statistic in one-way and two-way layout models and Bathke (2002) considers the balanced
multi-factor case. In contrast, Akritas and Papadatos (2004) consider the one-way layout in the het-
eroscedastic case. Our techniques differ from those used in all three works; notably, and they facilitate

a unified approach to tackling the testing problems considered in the later sections of this paper.



2.2 Asymptotic Distributions

Denote the non-centrality parameter matrix by

k k
= DS (= @)y~ ST where =Y (ni/ N
— i=1

and assume
A5 : Qp, = VkO for some p X p matrix © which does not depend on k.

Substituting (1.1) in A and £ given in (1.2) and expanding the quadratic forms yields

k k
Lovpps-e % ;ne & — %é..éf. + % Z:; ni(&:. —&.)(p; — p)T? (2.2)
1 k
+ o DS — ) (& Z n S (s — ) (g — ) S
=1
and
1 1
%271/2]3271/2 “k D (e —&i)ey — &) (2:3)
i=1 j=1

In the next proposition we assert that some of the terms of (1/k)X~Y/2H%~1/2 are of order op(k~/?)

and, hence, are negligible up to the order k~/2.

Proposition 2.1. As k£ — oo,

k

Proof. For the sake of brevity, we will prove part (ii) in detail, and sketch the proof of part (i). It is

obvious that

k k
> niE. — &) (p— p)ST? = Z p)s2,
i=1 i—1

Since E(g;;) = 0 and var(e;;) = I,, it follows that

k
1
EJ{— n;€;. H; — [1,)’271/2 =0
ERot

and

ar {% Zniéi.(ﬂi — ,u)'El/z} = %@ =0(

| =
WIr—k

QI‘}_\
.



Therefore,

: = = =\/y—1/2 1 1
;nz’(sz‘. —e)(p; — p)SV? = EOPU) = OP(W)-

| =

The proof for part (i) proceeds similarly using E{(N/vk)e_ &} = (1/Vk)I, and var{(N/Vk)e &} =
o(1). This last fact can be shown with the aid of Lemma 1.1. O

Let E=(&,8,...,&) where & = (g1, €0, ..., Ein,)- It is easy to verify ng; &, = &(1/n;)J,,E!
and Z(sm g.)(ei; — &) = &DP,,E.. Equations (2.2) and (2.3) together with Proposition 2.1 and

assumptlon A4 imply

1 -1/2 -1/2 _ !
PRI Eh Zs T JEL+ f@+op(\/_) and (2.4)
1 —1/2 -1/2 __ 1 . ’
SXTPEST = z;glpmgi. (2.5)
Define
1 1 & 1
= nE' and V, = — Ei(Ly, — —Jn)El — (R — 1)L
]{j ; 1 P] k \/E lz:;[ ( (3 nZ z) ( ) P]
and write
%EWHEW I+ f \/_U,muop(\}_) and %EWEEW = (n—1)fp+%vk.
(2.6)

We can see from the second equation of (2.6) that (1/(/N — k)) E converges in probability to . Now let

1 1 1
7, = (E271/2E271/2)71/2(E271/2H271/2>(Ezflﬂngl/?)*l/?. (2.7)

The test statistics in (2.1) can be expressed in terms of Z;, as
TLR = lOg ‘Ip + Zk‘, TLH = tI'Zk and TBNP = tI‘Zk([p -+ Zk)_l. (28)

Substituting (2.6) in (2.7) we obtain,

Zy = <(ﬁ -1, + %Vk) o (I, \}_ \/_Uk + OP(\}%» ((ﬁ -1I, + %%) o :

Note that, under the assumptions A1-A3, both Uy, and V}, converge in distribution to a normal random

matrix as k — oo. Thus, Uy = Op(1) and Vj, = Op(1) as k — oo. Now we can expand

_ 1 N\ 11 1
(-0+ ) =@ (fp—§mvk+0p<ﬁ>). 29)
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This expansion and some algebra leads to

1 1 1 1
n—12Zy, =1+ —=0+—=Uy — —=Vi) + op(—=). 2.10
(2 =1k =T+ 720+ (Ui~ = Vi) +or( ) 210
The expansion formulae
! tJ , Lo
—log|l, —tA] =) —trA/ + O(t"") and (I, —tA)™' =) HA + 0" (2.11)
— ) ,
Jj=1 7=1

hold for small ¢ € (0,1) and any p X p matrix A such that A = O(1) as k — oco. Substituting (2.10)
in (2.8) and applying the expansion formulae (2.11) keeping in mind U, = Op(1) and V;, = Op(1),
we see that the three test statistics, centered and scaled appropriately, are asymptotically equivalent to
tr(Uy — ﬁ‘/zﬂ) + tr©. More precisely,

VEUTG — h) = tr(Uy — Vi) + trO® + op(1), (2.12)

1
(n—1)
where for Likelihood Ratio criteria, G = LR, ¢ = n and h = aplog(n/(n — 1)). Similarly for the
Lawley-Hotelling criterion G = LH, £ = n — 1 and h = p, and for the Bartlett-Nanda-Pillai criterion
G =BNP,/=n%/(i—1)and h = np/(n — 1).

Theorem 2.1. Under assumptions A1-AS,

2n n(nn —1
VE(UT = h) 5 N (tr@, =+ (5_1: 1)3%8)(611))

p
as k — oo where /@(11)(511) = (a(e11) — 2p — p?) and py(er1) = > E(2,,63,,)-

a,b
Proof. In view of (2.12), it suffices to show that
1 c 2np n(nn —1) q)
tr(U, — —V; N[O )
(U (n—1) o) = <’ﬁ—1Jr (n—1)2 ™ (en)
To that end notice that,
1 1 <& 1 7@
tr(Uy, — —Vi) = — tr{&——(—Jn, — I,,)E Y, 2.13
and that,
1 <& 1 @
. / _
khigoE \/E;tr{g — 1(nz-J"i In)EZ}] =0 and

n

k
i 1 1 Ny 2n ) (1)
lim Val"(\/E ;:1 tr{gzﬁ — 1(nl Jm Inz)gl}) - i—1 + (ﬁ . 1)2 Ky (811)

k—o0
where the second equality follows from Corollary 1.1.
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The right hand side of (2.13) will have asymptotic normal distribution if we establish that the Linde-
berg’s condition holds. Indeed, under the assumption A3, the more stronger Liaponov’s condition holds.

To see this, first observe that

1 n N 1 n ,
tr{EZm(n—iJm L,)E} = vec(&)) (I ® — 1( In,; Im)) vec(E;).
Then by inequality (2.3.10) of Rao and Kleffe (1988), with m = 1 in their notation,

1 @ i 2o
E tr{&——(— 1T—FE|t ——.—]_f
< &t L(EJ —1I,) 2E{ ec(&;) vec(£)}*H
) n_1 ng n; n; v Vv i
1 _2 - 246
=& (™ 2 ) E{(EE)

where {5 < oo depends only on §. Now appealing to Minkowski’s inequality, see for example inequality
(2.6.5) in Rao and Kleffe (1988),

ng

2+6
B{t(€l€)} = Z {Z(E(e;jai»“&)“@*@} = n2B (el en)*.
j=1
Finally itis a stralghtforward matter to verify that

ZE

244

1
(B (S = L)EY — B [er(Ei (2 fm.)s;}}

i

14+5/2
{Zvar tr{é’ ( I, — In)gz/})}

as k — oo. O]

From Theorem 2.1 we see that the three tests are equivalent in terms their power when £ is large. In
general the null (© = 0) as well as the non-null distributions depend on /@(11)(8) which is a measure of
multivariate kurtosis (Mardia, 1970). Therefore, the tests are not, in general, asymptotically robust to
non-normality. The effect of non-normality depends on the magnitudes of nn — 1 and f@(f) (e).

Let us now examine the effect of p on the upper quantiles of the test statistics if we assumed nor-
mality when normality did not hold. Let z, be the upper o € (0,1) quantile of a standard normal
variate. The difference in the quantiles under non-normality and normality when the quantiles are based

on limiting distribution in Theorem 2.1 is given by

2n n(nn — 1 2n
za\/ P (nn )Kil)(sn)_za p

O



which holds for large p and under the assumption that I{( ) (€11) = O(p?). The second equality follows
from a Taylor series expansion applied to the square root term in the square bracket of the preceding
line. The assumption Hil) (e11) = O(p?) is tenable, for example, for elliptically contoured populations
for which /@(11)(511) is proportional to p(p + 2). Therefore, the effect of non-normality gets worse as p

increases.

On the other hand when n; = ... = n;, the second term in the variances vanish. Thus all the
three tests are null as well as non-null robust. Moreover, in this equal sample size case none of the
assumptions A1-A4 are needed.

To apply Theorem 2.1 in the unbalanced case one needs a consistent (k — o0) estimator of /1511). One
can use the family of estimators proposed by Yanagihara (2006). These estimators are unbiased under
normality and less biased than Mardia’s (1970) estimator under non-normality. The family is indexed
by a tuning parameter A and its expression when A = 0 is

k

/%f) = N + L ZZ { Yij — i "yij — }_’.A)}Q —plp+2) 2.14)

where 3 = N— 12 Z(yw y.)(yi; —¥.)-

=1 j=1

2.3 Robustness in the Unbalanced Case

We have seen in Theorem 2.1 that the three multivariate test statistics are not robust in the unbalanced
case. However, it turns out that a slight modification to £ will make the tests asymptotically robust.
Define,

k n; k
- 1 i B ., 1
E=Y N i =¥y —vi) =Y 8% { 1Pm] sz,

n, —
j=1 i=1 t

Accordingly, we modify the test statistics as,

Tir = —log(|E|/|H + E|), Ty =trHE™' and Tgnp = trH(H + E) ™% (2.15)

Comparing E with E in (2.5), we see that the only difference between the two is that in the case of
E the sum of squares and cross products within each group is divided by n; — 1. It may be noted that as
an estimator of ., E/(N — k) might be better than (1/k)E under normality. However, as we will see
later under non-normality this estimation efficiency is traded off for robustness. In the balanced case

Ti g and TLH are equivalent whereas T1,g and Tgnp differ slightly from TLR and TBNP, respectively.

It can, now, easily be seen that

k
1 . 1 -
EE‘”QEE‘I/Q =1I,+—=V; where Z

i R

’L




Defining Z;, the same way as in (2.7) but in terms of £ instead of E, and carrying out similar algebra as
that which led to (2.10), we obtain

~ 1
— Vi) + op(

1 1
:Ip+ﬁ@+ﬁ(w€ ﬁ)'

The test statistics, first expressed in terms of Z;, and then expansion formulae (2.11) applied to them,

Z (2.16)
can be summarized as
VE(WTq — h) = tr(Uy — Vi) + trO + op(1).

where for Likelihood Ratio criteria G = LR, / = 2 and h = 2plog?2; for Lawley-Hotelling criteria
G = LH, {=1and h = p; and for Bartlett-Nanda-Pillai criteria G = BNP, {=4and h = 2p.

Theorem 2.2. Under the assumptions A1-AS,

VEUTg — h) £ N(tr0, 2p73)

k
as k — oo assuming the limit 78 = klim ST k7 tng(ng — 1)1 exists.
—00 =]

Proof. As in the proof of Theorem 2.1 here also it suffices to show that
1 < 1 p
— - . / 2
tr(U, — Vi) = 7 ;:1 tr{E,ni — 1(Jni I,,)E Y = N(0,2p75).

Since the diagonal entries of (.J,, — I,,,) are all 0, the variance of tr{&; —— (.J,, — I,, )€/} will not depend
on the fourth cumulant (see Corollary 1.1). The remaining part of the proof goes exactly along the same
lines as that of Theorem 2.1. ]

It is clear from Theorem 2.2 that TLR, TLH and TBNP are asymptotically robust to non-normality
under the null as well as non-null hypotheses. Moreover, they are also asymptotically equivalent.
2.4 Power Comparison

Let 3.¢(Qy) and BZG(Qk) be the powers of size « tests based on T and Ty, respectively. Applying
Theorems 2.1 and 2.2, it follows that

Jim 579 (%) = B ()| = @(za = =) = @20 -

under the local alternatives defined by A5 where ®(-) is the CDF of a standard normal variate and, o3
and &3 are the asymptotic variances of /k(¢T — h) and VE({T¢ — h), respectively. Since tr(©) > 0
(because O is positive semi-definite), T is more (less) powerful than TG for large k if and only if
78 > (<)o&. Now,

0% — 6% >0 = £(en) >

2(n — 1)< e
(nn—1)"n/(n = 1)

11

—1p. (2.17)



Notice that the function g(x) = z/(x — 1) is convex for > 1. Thus, it follows from Jensen’s Inequality
(for n; > 1) that,

1 ) . 1=
nglim—z An1>11m ! -

Furthermore, by applying the arithmetic-harmonic mean inequality nn — 1 > 0. Consequently,

2(n—1) s B
=) -1y =0

Therefore, for distributions with tails lighter than the normal distribution 7 is more powerful than Te.
Under normality, T¢; has higher power than T¢;. Furthermore, for “slightly” heavy tailed distributions,
T¢ is more powerful than T¢ if inequality (2.17) is met. However, for distributions with substantial
heaviness in the tails (compared to the the normal distribution), TG’S power excels that of 7. This can
happen, for example, if /@(11)(511) grows with p at a fast rate. For instance, for elliptically contoured
populations /@(11) (e11) = kp(p+ 2) where « is the kurtosis parameter (see Section 5). For larger value of

por k, Te; can be more powerful than 7.

3 Profile Analysis

Assume model (1.1) holds. Suppose the p observations Y;; represent p measurements taken on the jth
subject in the ¢th group under each of the p different experimental conditions (time points). The three
hypotheses of interest in profile analysis are (i) whether or not the mean profiles for the & groups are
parallel (similar) (ii) Given that the £ mean profiles are parallel, are they at the same level (coincident)?
(iii) Given that the mean profiles are at the same level, are there differences among the experimental
conditions or are the £ profiles flat?

Let pu;, = (,ugl),ul(?), e ,MZ(-p))’ and B = (p1,--- , uy,). Further, let C = ([, —1;_1) and M be
m X p known matrix of rank m < p. Consider the general linear hypothesis regarding B formulated as

Hy: MBC = 0. (3.1)
This testing problem can be equivalently formulated by modifying the model and the hypothesis as

vi =+ 3%
and

Hy:py=p;=...=p, (3.2)
where y;; = My, p; = Mp,;, 5* = MXM' and €; = (M M')"Y/2M S 2e;;. Notice that E(e};) =
0, var(ej;) = I, and, using the identity vec(ABC) = (C' ® A)vec(B),

Ky(e};) = {(MEM')"VPME2) @ (MEM')"V2MEY2) Ky ()
x {(SYV2M'(MEM)V?) @ (SY2M/(MSM) Y)Y, (3.3)

12



Notice also that /@(f) (e*) can be calculated using the relation,

ks (e3) = B{el,2' P M (MEM') 7 M e 3} — 2m — m?

which can easily be verified by a straightforward noting that /@(11)(6;}) = vec(l,,) Ka(gj;)vec(I,,) and

using (3.3). Also, it can easily be shown that the non-centrality matrix in this formulation is related to

the non-centrality matrix in the original formulation as
Op = (MSM)VPMEYPQ8 2 M (MSM') 2,

Further, assumption A4 implies that 0, = v/kO* where
0" = (MSM') " PMEVPO8 2 M (M M)~

Therefore, the testing problem (3.1) under the model (1.1) reduces to the one discussed in Section 2.
That is, the test statistics T and TG in (2.1) and (2.15) for G = LR, LH and BNP can be applied on
My;;. We denote these test statistics by 7¢, and T(*; for G = LR, LH and BNP; their distributions are
given in Theorems 3.1 and 3.2 below.

Theorem 3.1. Under assumptions A1-A4,

VE(CTE — ) 5 (t e, 2nm ﬁ@ - Dnﬁf’(ei‘l))

‘'n—1  (n—1)2

where for Likelihood Ratio criterion (* = n.and h* = nmlog(n/(n—1)); for Lawley-Hotelling criterion
¢* = n—1and h* = m; and for Bartlett-Nanda-Pillai criterion (* = n?/(ni—1) and h* = nm/(n—1).

It is clear from Theorem 3.1 that in the balanced case both the null and non-null distributions are
free from /@(f)(s’{l). One also notes that in the balanced case, the asymptotic null distributions depend
on M only through its rank m.

In the unbalanced case one can use a consistent estimator of /@(f) (e3,) (see equation (2.14)) given by,

k

. . N + 1 2
e = F o o Z { = 3. M'E My = y.)} = mlm+2)
i=1 j=
A k ng
where ¥ = N1 Z Z M(yij —y.)(yij — ¥..)' M’ to apply the result of Theorem 3.1. One can also

choose to use the modlﬁed statistics 77, ¢ whose distributions are given in Theorem 3.2 below.

k
Theorem 3.2. Under the assumptions A1-A5 and assuming the limit 7§ = Jim E~1 S ng(ng — 1)71

exists,
VEWTE — h) £ N (tr®*, 2m7s)

where for Likelihood Ratio criterion 0* =2and h* = 2m log 2, for Lawley-Hotelling criterion r=1
and h* = m; and for Bartlett-Nanda-Pillai criterion 0* = 4and h* = 2m.

13



Let L be a (p — 1) x p matrix such that L1, = 0. The three hypotheses in profile analysis can be
expressed in terms of the group mean vectors p, as (see Rencher, 2002),

Hop : Lpy = Lpy = --- = Ly,
Hoc : 129111 = 1;/1'2 == 1;.‘% and
HOF : L[l’ = 07

respectively. Now, since Hop and Hyc are special cases of the hypothesis (3.1), their asymptotic results

can be accommodated in Theorems 3.1 and 3.2 by choosing M = L and M = 1, respectively.

For testing the hypothesis Hyp, it is clear that the test statistics 7%, for G = LR, LH, BNP, depend
on the data only through the eigenvalues of LH L'(LEL")~! which are the same as the nonzero eigen-
values of HL/(LEL')™'L. Let Ly and Ly be two (p — 1) x p matrices of rank p — 1 whose rows are
orthogonal to 1,. Then we must have that L; = B L, for some non-singular matrix 5. Consequently,
HL,(L\EL)) 'Ly = HLY(LyE L) ™! Ly. Therefore the distributions of T s are invariant to the choice

of L. Similarly, the distributions of 7, & are invariant to the choice of L.

A reduction in expression can be obtained in the case of testing Hyc. Indeed in this case the three test
statistics are equivalent because My;; is univariate. Hence it suffices to consider the Loweley-Hotelling
k . P
criterion. Leta; = (o, o -+ aP) = p,—, 2 = (0);) and 6 = Jim (Z( a2 (VES olj)>
—oo \i=1 j=1 Lj

and 11 = 1;21/2611.

Corollary 3.1. Under the assumptions A1-A5, the asymptotic distribution of V'k((n—1)T}y; — 1) when
M =17 is N(0,0°) where

, 2n  a(mn

—1) ~
o :—_1_'_ (n—1)2 (£4/(%:UU) _3>

n
and &, is the fourth moment of 1;)21/2811.

k
Corollary 3.2. Under the assumptions A1-Ab and assuming 73 = klim k=1 S ni(n; — 1)~ exists, the
=0 o)

asymptotic distribution of 'k(T}y — 1) when M = 17, is N(0,275).

Given that the profiles are parallel and coincident (i.e Hop and Hoc are true), the Hotelling 72 test

statistic

1
T? = N(Ly ) (——LEL) '(Ly
(Ly. ) (= LEL) " (Ly.)
is used for testing Hyp. Assume Ljz = N~'/2§ for some fixed § € RP. Then, because k — oo implies
N — o0, VNLy. 5 N,_1(8, LSL') and (N — k)"'LEL' = LSL', it holds that 7% 5 x?,_,(8'8).

Further, 72 £ X%pfl) under the null hypothesis because & = 0 in that case. The statistic 7" is invariant

to non-normality as £ — oo under the null as well as non-null cases.
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4 Tests for Additional Information

Assume model (1.1) holds. Let us partition y;; as (yz(j1 ),, yg),)’ where yg)
respectively, vectors. We would like to determine whether the observations yﬁ?) make a significant
(1
tj
’s. For example, in comparing &

isgx1and yg) isa(p—q)x1,

contribution towards the test of Hy : p4; = py = ... = p,, above and beyond the y )’s. Such a testing
2)
ij
different treatments for a certain type of cancer, it would be of great interest to known if DNA gene

problem is important in particular if it is costly to observe the y

expression information provides any additional information in separating the treatments over and above

what is provided by phenotypic information because DNA information is very expensive to collect.

Partition pt,, 2, H and E accordingly as follows

W Sy % Hy, H Ey E
;= sz - 11 212  H= 11 12 and E — o bz
H; o1 2o Hyy Hy Eyy Ey

The hypothesis of additional information can be formulated as

Hoa : ugl) = y,gl) =...= u,(:) versus Hja : Not Hga

given that p,?) = ug) =...= y,,(f).

Let ¥ = AA’ denote the Cholesky decomposition of ¥, i.e A is a lower triangular matrix with
positive diagonal elements, and partition A in a similar way. Notice that A, = 0 and A;; and As
are lower diagonal matrices of dimension ¢ x ¢ and (p — ¢q) X (p — q), respectively. Then model (1.1)
can be written as, yg) = !+ Aneg) and yg) — P + 212¢,; where Z = (Ajpd}, + AgAly)

and €;; = E_l/Q(Amsg) + AQQEE?)). Obviously, F(€;;) = 0 and var(e;;) = I,—,. Moreover, Q1 =
iniAﬁl(ugl) — ,10))(“51) — WY A, and Qi1 = VEO,; where Qi and O, are the ¢ X ¢
isTﬁb—matrices in the top-left of €, and ©, respectively.

LetT = H + FE and define Hy192 = Hy1 — H12H2_21H21. Also define F1 9 and 774 5 similarly. Under
normality the likelihood ratio criterion (Fujikoshi, 1981) is given by

| By

712 _ log '
b |T11.2|

In a manner analogous to (2.1), Gupta, Xu and Fujikoshi (2006) defined the Lawley-Hotelling and
Bartlett-Nanda-Pillai statistics as

TI(‘}{IQ) = tr(T11.2 — EH.Q)EI_EQ and T]g\]lp?) = tr(Tll.Q — E11-2)T1_1.12'

Fujikoshi (1981) explains how to obtain the asymptotic expansion for the null as well as non-null
o (11.2)
distributions of 7}

derson (1984, pp. 327-8). We note that the same methods can be applied to obtain the asymptotic

using existing results for multivariate linear models found, for example, in An-

expansions of the null and non-null distributions of TS{LQ) and Téﬁf) under normality. Gupta, Xu and
Fujikoshi (2006) derived the asymptotic expansion for the null distributions of these statistics under
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non-normality. In both Fujikoshi (1981) and Gupta, Xu and Fujikoshi (2006), the asymptotic frame-
work required all group sample sizes tend to infinity at the same rate but k£ remained fixed. In this
section we derive the asymptotic null as well as non-null distributions of the three statistics in the large
k asymptotic framework under non-normality.

From (2.6) it follows that

1 1
JE(%H B = 22U, —

1
N/k—1

1
Vk)21/2+21/2621/2+0P(ﬁ)

Because (Uy, — (N/k—1)"V;) = Op(1) it follows that vk(k~'H — (N — k)~*E) = Op(1) which also
implies that v/k(k~'H;; — (N — k)" E;;) = Op(1) for i, j = 1,2. Moreover, (N — k) 'E = X +op(1)
implies (N—k) ' E;; = X;;+0p(1) fori, j = 1, 2. Now we are ready to prove the following Proposition.

Proposition 4.1. As & — o0,
\/E ((Tll.Q — Elllg)Eﬁl'z — HllEil) = Op(l).

Proof. Notice that

%(TH,Q—EM) = %HH—%(THTQ—;Tm—ElgEz—;Em) and T15T5, Ty = (%TH)(%TQQ)—I(%TQI).
Then,

%TQQ = ]\]fv—ikkEm + % {\/E(%Hm - N;—kEQQ)} = n¥i + op(1)
and, hence, {(1/k)T2}~' = Op(1). On the other hand,

Loy = NV R, — L BL) = 0p(1) + Op(1) = Op(1),

Vihe =y g

and, hence, k~1/2Ty, = k='/2T!, = Op(1). Therefore, T15T5, T5, = Op(1). Similar arguments can be
used to establish Fy5E,,' Fy; = Op(1). Consequently, by noting that (1/k)E;; = Op(1), we obtain

k N -k

1 1 1 1 1
EEH.Q = %En - EEIQEQ_;EQl = EEH + OP(E)
and k’il(Tn.Q — E11.2> = Op(kiil/Q).
Thus,
1 1 1
(EEHQ)_I = (EEM)_I +O0p(7)-
Finally,
1 1 1 1
vk ((TII.Q — En2)Erly — HnEl—ll) =k (E(Tnz - En.z)(EEn.z)_l — EHH(EEH)_I)
= OP(l).
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The upshot of Proposition 4.1 is that VA{(T11.2 — F11.2) By — I,} and VE(Hy Eyt — I,) have
the same asymptotic distribution. By virtue of the fact that yz(j1 ) = [,l,(l) + Ansl(]l-) and Theorem 2.1 the

1

following Theorem is true.

Theorem 4.1. Under assumptions A1-A4,

_ c 2ng  n(nn—1)
\/E(ch(}ll 2) _ h) = N (tl"@n, P + (<7”L — 1)2 "@(11)(5%)))

I here kD (W) — WY _ 90— o) and us(e®) — S° B (2. 22
as k — oo where 1, (1)) = (pa(€1y) q—q°) and ps(eyy) = Y E(e114611)-

a,b

In the above Theorem, the values assumed by G, h and ¢ are as follows. For the Likelihood Ratio
criterion G = LR ¢ = n and h = nglog(n/(n — 1)); for the Lawley-Hotelling criterion G = LH,
¢ =n—1and h = p; and for the Bartlett-Nanda-Pillai criterion G = BNP, ¢ = n?/(n — 1) and
h=nq/(n—1).

We can easily obtain a consistent estimator for I@(ll) (sﬁ)) from (2.14). Furthermore, robust tests can
be obtained by defining T = H + E and the three tests Tén'g) for G = LR, LH, BNP defined in terms
T and E in the obvious way. Similar asymptotic equivalence result as in Proposition 4.1 holds in this
case as well.

Proposition 4.2. As k — oo,
VE ((Tuz = Bua)Erly — HuBy') = op(1).
Finally the asymptotic distribution of Téll'Q) is given in the following Theorem.

Theorem 4.2. Under the assumptions A1-AS,

\/E(KZT((;H'Q) —h) N N (tr01,2¢73)

k
as k — oo assuming 7g = klim S™ k7 ny(n; — 1)~ exists where for Likelihood Ratio criterion G = LR,
—00 2]

{ = 2 and h = 2qlog?2; for Lawley-Hotelling criterion G = LH, { = 1 and h = ¢; and for Bartlett-
Nanda-Pillai criterion G = BNP, { = 4 and h = 2q.

5 Tests of Dimensionality
Consider model (1.1) and assume,

A6 : 11 ~ (—2¢/(0))"EL, (0, 1, )
and

AT Qp = kO.

17



The notation EL, (0, I,,, ¢) stands for the p-variate spherical distribution with the characteristic function
generator ¢ : [0,00) — [0,00) (see Fang and Zhang, 1990). It can be shown that (see Gang, 1990)
E(e11) = 0, var(ey1) = I, and Ky(e11) = ka(lp2 + K, + vec(l,)vec(1,)") where k4 is known as
the kurtosis parameter defined by x4 = ¢”(0)/(¢'(0))*> — 1 where ¢’ and ¢" are the first and second
derivatives of ¢, respectively.

Suppose the hypothesis Hy in Section 2 is rejected. We would like to know the dimension of the
hyperplane that contains the mean vectors g, fto, ..., pt;,. This number, sometimes referred to as the
dimensionality, is also the number of discriminant functions needed to separate the £ populations. Since
k is presumed to be large in this paper, we assume k& > p.

Various methods are available for estimating the dimensionality (Backhouse and McKay, 1982).
The most common ones involve a sequence of Hypothesis tests. Let wy > wy > ... > w, > 0 be the

eigenvalues of (). The dimension of the hyperplane is the largest r for which the hypothesis
Ho twp >wpp1= ... =wp, =0

is not rejected where the tests are conducted sequentially forr = 1,2,...,p— 1. Letd; > dy > ... >
d, > 0 be the eigenvalues of HE~!. The three common normal theory test statistics for testing Hy, are
the likelihood ratio (1 LR) Lawley-Hotteling (TL ) and Bartlett-Nanda-Pillai statistics (TBNP) defined
by

T — — Zlog1+d TLH_Zd and T, = Zd/1+d (5.1)

a=r+1 a=r+1 a=r+1
respectively.

These tests have asymptotic x? distributions under normality when all the sample sizes n; tend to
infinity at the same rate. The small sample distributions of the test statistics depend on the nuisance
parameters wy, ws, . . ., w,. Schott (1984) obtained optimal upper bound for the null distributions of TL(Q
and TS{) which can be used to obtain critical values. Seo, Kanda and Fujikoshi (1995) obtained non-
normality correction factors for the test statistics under the assumption A6 by matching the moments
of the null-distributions with that of the normal theory limiting chi-square distribution up to the order
O(N~1). The optimal bounds of Schott (1984) have been extended by Yoshida, Imai and Sato (2002,
2004) to the situation where the samples are coming from a matrix elliptical distribution (see Fang and
Zhang, 1990, Chapter 5). However, this matrix distribution does not allow to model independent sam-
pling except in the special case of normality. In this paper, we derive the large k£ asymptotic distributions
of the three statistics under independent sampling from elliptically contoured distributions.

Calculations similar to those of Section 2 yield

1

1 1
EE*WHE*W =I,+0+—=U+op(—=

) 1
vk vk

and EZ”/QEZ*”Q =(n— 1)1, +

Notice that the eigenvalues of HE~! are the same as those of

1 1 1
Zk — (EZ_l/zEE_l/Q)_l/Q(EZ_1/2HE_1/2)(EE_l/QEZ_l/Z)_l/Q.
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Substituting (5.2), expanding the resulting equation in the same way as (2.9) and performing some

algebraic manipulation leads to

. _ 1 oyl on(
(n—nzwﬂg+@+v%{ah (ﬁ—UWJ 2@_1%@w+vﬂm}+ﬂ¢#. (5.3)

The distribution of &;;’s is invariant under orthogonal transformation. Therefore, the distributions of Uy,

and V}, are invariant to pre- or post- multiplication by an orthogonal matrix. Hence, without loss of gener-
ality we can assume €, and © are diagonal matrices. In particular, we can set © = diag{6;,62,...,6,}.
It is for this purpose that we mainly need assumption A6 in this paper.

The rest of the derivations in this section require the following Lemma on perturbation expansion

for eigenvalues.

Lemma 5.1 (Fujikoshi, 1977). Suppose the p X p symmetric random matrix Z can be expressed as,

1
Z=A+—=V
vm
where A = diag(dy,0,...,6,) and V is a p x p random matrix such that V. = Op(1) as m — oo.
Assume 51 = (52 = ... = 5,11 = )\1, 5q1+1 = 5q1+2 = ... = 5q2 = /\2, ey, 5P—Qt+1 = (Sp_qﬁ_g =
=0, = A\ where \y > XAy > ... > N > 0and q1,q,...,q are positive integers such that

G+q+--+q=p. Thenthe (q1 + qo + . .. + qo + j)th largest eigenvalue of Z can be expressed as
the jth largest eigenvalue of
B 1 1 _3/2
W/_Ad@+~75Vm+ﬁﬁ§:AwaWm+{Xm )
B
forany j € {1,2,...,qa} where \og = (Ao — Ag) ™" and the matrices V5 are the («, 3)th block of V

partitioned into qi, qo, . . . , q; rows and columns.

In Theorem 5.1 below we present the asymptotic distribution of the eigenvalues of HE~! in the
case where the eigenvalues of O are simple. The case with multiplicity of the eigenvalues is far more
complicated.

Theorem 5.1. Let 0 = (61,0,...,0,) where 6, > 0, > ... > 0, > 0 be the nonzero eigenvalues
values of ©. Let £ = (ly,ls,...,1,) where ly > ly > ... > 1, are the eigenvalues of ((n — 1)Z — 1,).
Then, under the assumptions A1-A4, A6 and AT,

VE(£—8) 5 N,(0,T)

where I' = (v,3) fora, 5 =1,2,...,p,

1_
7010422(1—’_(1—’_901)2_—@—’_(1_‘_‘9&)

(- 17 )

n—1
n—1

n—2 1—
+3m<1+(L+%Fn_ T n),

W + (1 + ea)_—_
and
n

—2+4n
?1)2”) fOl"OZ 7£ /6

YaB = R4 <E_(2+9a+9ﬂ)+(1+0a)(1+96) (
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Proof. In view of Lemma 5.1, we get the expansion for the ath largest eigenvalue of (2 — 1)Z — I,,) as

1 1+0, 1

ﬁ(uaa - Hvaa) + OP(ﬁ)

where . and v, are the (a, )th entries of Uy, and Vj, respectively. In terms of the error vectors &;;’s,

lo = 0o +

we have
1
Vk

1
lo =00+ —=QY + o0
\/EQ AV

where

k
o 1 e « e 1 1+0a a)!
Q( )ZEZQE )7 Qg ):gz( )(n_an_ ’f_l—lpnl)gz( ) —9a
i=1 ¢

and Si(a) is the ath row of &. Put Q = (QM, Q@ ..., Q™) . Direct but lengthy calculations show that,

1 | 1
EQ@) = tr( 2, - L% p ) g 1o +%@u—n—a¥ (5.4)

n; n—1 n—

@) =3 (14 0P+ 00

2 (le 1)2 n; — 1
+ 3Ky (1+ (1+46,) il 17 + (1+9°‘)—ni(n— 1)) (5.5)
and
@ A0y _ . (1 n; — 1 (n; — 1)
Cov(Q;", Q") = ka (n (2+9a+9g>ﬁ_ | +(1+9a)(1+9ﬁ)—m(ﬁ_ 1) (5.6)

Along the same lines as in the proof of Theorem 2.1, we can verify Lyapunov’s condition for t'Q for
t € RP. Then, averaging each of (5.4), (5.5) and (5.6) over i, and taking the the limit as & tends to
infinity of each establish that Q £ N,(0,T). Since Q and vk(£ — @) are asymptotically equivalent the
theorem is proved. O

Now consider the case 0, > 0,41 = ... = 0, = 0. However, the r largest eigenvalues © do not
necessarily have to be simple. Partition U and V}, as

Un U Vii 'V
U, %1 12 and V= 1/1 12
Uy, Up Vig Vao
where the sub matrices in the top left corners are of dimension r x r. From (5.3) and the perturbation

expansion in Lemma 5.1, the p — r smallest eigenvalues (7 — 1)Z;, are the same as that of

1 1 1
i 1)WY =1, + —=(Up — ———Vi —).
(n—1W," =1, +\/E( e 22)+0P(\/E)
Therefore, the three test statistics can equivalently be expressed as
Tyy =log |, + W, T =6W” and Tike = W, (1, + W)L (5.7)

Hence, we get the following Theorem as a direct application of Theorem 2.1.
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Theorem 5.2. Under assumptions A1-A4, A6, AT and the null hypotheses H,

2n(p—r)  n(an—1) ¢"(0)

" _ ) £ N 2 _

VR~ £ v (0, 2820 B (S (- 2+ 20 - 1)

as k — oo where for G = LR, Ezﬁandh:n( r)log(n(n — 1)), for G=LH, { =n — 1 and
h=p—r;andfor G=BNP, { =n*(n—1)"! h=n(p-r)(n—-1)"

Here also we can proceed along the same lines as in Sections 2—4 to obtain robust tests in the
unbalanced case. The asymptotic null distributions of the test statistics Tg), defined in the usual way,

are summarized in the following Theorem.

Theorem 5.3. Under assumptions A1-A7 and the null hypotheses H,,

VEUTS = h) 5 N(0,2(p — r)72)

k
as k — oo assuming 78 = lim Y k™ 'n;(n; — 1) ™! exists where for Likelihood Ratio criterion G = LR,

(=2and h = 2(p — r)log 2; for Lawley-Hotelling criterion G = LH, ¢ = 1 and h = p — r; and for
Bartlett-Nanda-Pillai criterion G = BNP, / = 4 and h = 2(p — 7).

6 Finite Sample Approximations

In this section we provide some reasonable finite k approximations for the quantiles of the test statistics
in the four MANOVA problems discussed in the previous sections. The main rationale for the approxi-
mations is the fact that the null distributions derived in this paper are, for the most part, asymptotically
invariant to non-normality. That is, the critical values obtained under normality are expected to be
asymptotically correct under non-normality as well. As a result the tests based on asymptotic expan-
sions for the quantiles derived under normality and large £ asymptotic framework are expected to give

tests whose actual sizes are fairly close to the desired size under non-normality as well.

The finite performance of this type of approximation was evaluated by Bathke and Harrar (2007) for
T and Tpyp statistics in the nonparametric rank transformation context. However, how to apply them
in the context of the testing problems considered in this paper has never been addressed. Moreover,
their performance is not known in the situation where a sequence of tests are carried out as in the profile
analysis and tests of dimensionality. Further, it is not quite clear how to apply them for the robust test
statistics in the unbalanced case, i.e T(;, TG, T(11 2) and T ") for G = LR, LH and BNP.

6.1 Tests for Equality of Mean Vectors

Fujikoshi(1975) obtained asymptotic expansions for the distributions of centered and scaled versions
of Ty = —log|W(B+ W)™, Ty = tr(BW~!) and Ty = tr{B(B + W)~'} where B and W are
independent random matrices distributed as B ~ W, (ny, 2, 2) and W ~ W, (n., X) such that n;, = nh,
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n. =neand h > 0, e > 0 and h + e = 1. The notation W, (n;, 2, ) denotes the noncentral Wishart
distribution with degrees of freedom n;,, mean n,% and non-centrality matrix €2, and W,(n., X) =
Wy (ne, 3,0) which is a cental Wishart distribution. The asymptotic expansion is of the order of n

meaning that when both n;, and n. tend to infinity at the same rate. The Cornish-Fisher expansion for
the upper « quantile of \/(m/72)(T; — ) when 2 = 0 is

2o + %{aﬂh(%) + ashs(za)} — %{bth(za) + baha(za) + boho(za)

+zalar + &3h3(za))(%a1 + ag[%hg(za) — )} +O(m™3?) (6.1

where 2, denotes the upper a-quantile of a standard normal variate and the functions hq, . .., hg are the
first six Hermite polynomials defined as i (z) = 1, ho(z) = —x, hs(z) = 2* — 1, hy(z) = —2® + 3z,
hs(z) = x* — 62° 4+ 3 and hg(r) = —2° + 102> — 152. The values taken by the coefficients m, 7, [, a;,
as, by, by and bg depend oni. Fori = 1, m = {(1 +e)n — (p+ 1)}/2, 7> = 2ph(pe)~1, 1 = —ploge,
ar = 7'p(p+ 1)h(2ue) ™", az = 277ph(1 +€)(ne) /3, b2 = (1/2)7?p(p + Dh(pe) " H{[p(p +1) +
4(1+e)|(pe) /4 =1} by = 7 *ph{p(p + 1)(1 + e)h + 2(1 + e + €*)}(ue) /3 and bg = (1/2)a3
where 1 = 2(1 +e)7L. Fori = 2, m = ne, 7> = 2phe™2, | = phe ™', ay = 771p(p + 1)he™},
az = A7 °ph(2—¢€)(3¢®) 71, by = 77 ?p(p+ 1)[(1/2)(p* + p+8)h* + 3hele 2, by = 27~ ph{(2/3)p(p+
Dh(2 —e) +e? —5e + 5}e ™ and bg = (1/2)a3. Fori = 3, m = n, 72 = 2phe, | = ph, a; = 0,
az = (4/3)73phe(e — h), by = —72phe(p + 1), by = 27 *phe(e* + h? — 3he) and b = (1/2)a3 .

Let the notations be as in section 2. Suppose y;; ~ N,(,;,>) where N, (1, X) denotes a p-variate
normal distribution with mean g, and variance-covariance matrix . Then it is known that H ~ W,,(k—
1,%,Q), E~W,(N —k,X) and, H and E are independent. Hence, when p; = o = ... = p;, (i.e
Q. = 0), the approximation (6.1) can be applied by taking h = (k—1)/(N —1),e = (N —k)/(N — 1)
and n = N — 1. In this case T}, T5 and 75 coincide with Ty r, 71y and TNp, respectively.

In the unbalanced case, it can easily be shown that 4 and E are independent. However, E does
not have Wishart distribution. Therefore, we can not apply (6.1) directly. We propose the following
solution. Let us first approximate the distribution £ by a constant multiple of Wishart distribution, i.e
E PR ¢ W,(v,%) where the constants ¢ and v, determined by matching the first two moments,
are given by ¢ = S°F (k(n; — 1))~" and v = k(2% (n; — 1)~')~L. Then we have (3% (n; —
D)= E PR W, (0 (s — 1)) 71, %). Now (6.1) may be applied by setting h = (k — 1)/(k —

L+ R0 (= 1)), e = R0 (e = )77 (k = 1+ K5, (i — 1)™) ) and n =
kE—1+ kQ(Zk (n; —1)71)~1. Here also T}, T and T3 coincide with Tir, Ton and Teyp, respectively.

=1

6.2 Profile Analysis

We use the same notations as in section 3. For testing Hop and Hyr we note that M HM' ~ W, (k —
1L,MXEM',Q5), MEM' ~ W, (N — k, MXM' 0) and, MHM' and M EM' are independent under
normality (i.e. y;; ~ N,(u,;,X)). Therefor the approximation (6.1) can be applied to T¢; for G =
LR,LH and BNP by settingp =m,h = (k—1)/(N—1),e = (N—k)/(N—1)andn = N —1. In the
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unbalanced case, the same manipulation as in section 6.1 leads to a finite approximation to the quatiles
of T4; G = LR, LH and BNP.

In the case testing Hoc, it is known that (N — k)(k — 1)"'T},; ~ F(k — 1, N — k) where F(k —
1, N — k) denotes the F-distribution with degrees of freedom k£ — 1 and N — k. Hence the quantiles
from the F'(k — 1, N — k) distribution can be used as an alternative finite approximation in the balanced
case. In the unbalanced case, based on arguments similar to those in 6.1 we have (k — 1)*1T§ PR
F(k—1,(3F (n; = 1)™")71) as a finite sample approximation.

In regards to testing Hyp, it is known that (N —k —p+2)(N — k)" ' (p—1)"'T? ~ F(p—1,N — k).
Moreover, we have seen in section 3 that the large k& asymptotic reduces to the large /N asymptotics.

Therefore a quantile obtained from F'(p — 1, N — k) provides a finite sample approximation.

6.3 Tests for Additional Information

It is proved in Fujikoshi (1981) that if y,;; ~ N(p;,X) and Hy, is true then Eyy 5 ~ W, (N — k —
p+q,2112), (Thia — Eiz) ~ Wy(k —1,%112) and, Ey;5 and (1112 — E;2) are independent where
Y119 = 291 — 2122;21221. Therefore, the approximation (6.1) can be applied by replacing p with ¢ and
settingh=(k—1)/(N—-1—-p+¢q),e=(N—k—-p+q)/(N—1—-p+qg)andn=N—-1—p+gq.
In this case TS)}'Q), TL%LQ) and Té;}g) coincide with 7', T5 and T3, respectively. Here again the same

manipulation as in section 6.1 leads to a finite approximation to the quantiles of Téll'z); G = LR,LH
and BNP in the unbalanced case.

6.4 Tests of Dimensionality

Under the same assumptions as in Fujikoshi(1975) and the assumption w; = nf; for j = 1,2,...,r
where 0, is a constant which does not depend on n, Isogai(1977) derived the asymptotic expansion
for the distribution of 7| g). Accordingly the cornish-fisher expansion for +/(m/ 7'2)(Tg) — [) when

Ory1 = ... = ¢p = 01is given by,

Za + \/%{alhl(za) + azhs(zq)} (6.2)
where the values of m, 72, [, a; and a, depend on G. The functions h;(.) and hy(.) are defined as in
section 6.1. For G = LR, m = (n— 1) — (1/2)(p+7r), 7> = (1 +¢e)(p — r)h/e, | = —(p — r) loge,
ay =7 (p—r)(1+e){(h—e)p—r+1-h37"_, 0:'}/(4e) and az = 73((14-¢)/e)*(p—r)(14-¢€)h /6.
For G = LH, m = ne, 72 = 2(p — r)h/e*, | = (p — r)h/e, a1 = 7 (p — r){2(p + 1)h — 2r —
hy 1071}/ (2e) and ag = 477 3(p — r)(2 — €)h/(3€%). For G = BNP, m = n, 7% = 2e(p — r)eh,
l=@-rha=7"p—r)(2rh—2r—hY_ 67")/2and ag = 477 (p — 4)(e — h)eh/3.

The asymptotic expansion (6.2) can be applied for the asymptotic framework of Section 5 by setting
h=(k-1)/(N—-1),e=(N—k)/(N—1)and n = N — 1. In the unbalanced case also we can

)

make similar arguments to obtain finite sample approximation for Tg by applying (6.2) with h, e and

n exactly as in the last paragraph of Section 6.1.
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7 Simulation Study

In this section we report simulation results for the null distributions of the tests of equality of mean
vectors and dimensionality. The simulation was carried out by sampling from the multivariate normal
[M N1, the multivariate ¢ with 8 degrees of freedom [M71'] and the contaminated multivariate normal
0.9¢,(0, I,) + 0.1¢(0,91,) [C'N] distributions. (The notations indicated in [] will be used for later
reference.) In each case data was generated taking p = 3. Previously it was established that the effect of
non-normality depends on the product nn. To investigate the effect of non-normality in the unbalanced
case, we consider two patterns for sample sample sizes. They are (i) half of the sample sizes are set
to 3 and the remaining half are set to 5 (nn = 1.067) and (ii) four fifth of the sample sizes are set
to 3 and a fifth set to 15 (nn = 1.5120). We refer to these two patterns as the more balanced and
less balanced patterns, respectively. The effect of non-normality is expected to be higher with the less
balanced pattern. We assess the accuracy of the following approximations for the test statistics 7 and
Tg for G = LR, LH, BNP.

1. Percentiles of T¢; calculated based on Theorem 2.1 with the true value of /{511) (e11) [TG(/{S))],

2. Percentiles of T¢; calculated based on Theorem 2.1 using the estimator of /@(11) (e11) givenin (2.14)

[Ta(i5)],
3. Percentiles of TG calculated based on Theorem 2.2 [TG],
4. Percentiles of T calculated by (6.1) [T (F75)],

5. Percentiles of TG calculated by (6.1) and the manipulation discussed in Section 6.1 [TG(F75)]
and

6. Percentiles of 7¢; obtained using the large n; asymptotic expansions found in Anderson (1984, pp.
327-8, eqgs. (20)-(22)) [T (A84)].

In Table 1, the result are presented for the more balanced sample size. It is clear from this table
that the approximation based on Theorem 2.1 performs very well for likelihood ratio statistic. Further,
it is also seen that the results with the actual and estimated /@(11) closely agree. It is quite clear that the
approximations based on Fujikosi’s (1975) work quite well for T, for all values of G and all values of
k considered. Since the sample size pattern is more balanced, the effect of non-normality is expected
to be less. As a result we expect Fujikoshi (1975) approximation to work well for 7 as well. The
simulation confirms our expectation. A striking observation is that the approximation based on the large
n; asymptotic expansions does a good job for the Lawley-Hotelling criteria 71 ;. However, the behavior
of this approximation is unclear for the other two statistics. Simulations for larger values of p (not
reported here) show that the quality of approximations deteriorate slowly with increasing values of p.

However, non-normality appear to have a negligible effect.

In the less balanced case (Table 2), we observe basically the same pattern as the more balanced
case under normality. As expected, the actual sized based on the true value of 4(1) and its consistent
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Table 1: Simulated actual 5% sizes (x100) for the more balanced sample size pattern (n;

ngse = 3 and ng o4 = ... = ng = 5). Simulation size is 10, 000 .
Population | k | G |Te(x\") Ta(R)) Te To(F75) To(F75) Ta(As4)
MN 20| LR | 52 50 37 45 42 6.5
kM (e11) = 0 LH | 84 81 88 54 5.4 5.4
BNP | 3.1 30 10 51 5.0 1.1
30| LR | 57 58 42 49 4.7 7.7
LH | 80 81 81 56 55 5.6
BNP | 3.7 38 18 54 53 1.6
40| LR | 52 48 41 47 4.6 7.9
LH | 72 67 716 52 5.2 5.1
BNP | 37 34 19 51 49 1.3
50| LR | 5.1 56 42 46 4.6 8.5
LH | 6.9 75 71 51 5.0 5.0
BNP | 36 40 23 49 49 1.5
MT 20/ LR | 55 42 38 49 43 7.1
k(1) =75 LH | 87 69 90 59 5.7 5.9
BNP | 32 22 12 54 5.0 1.3
30| LR | 5.1 51 37 47 4.4 7.6
LH | 76 76 80 54 5.2 5.4
BNP | 34 34 15 52 4.8 1.4
40| LR | 52 32 41 49 4.7 8.0
LH | 7.1 47 15 52 5.1 5.1
BNP | 37 23 22 52 5.1 1.6
50 LR | 5.1 36 37 49 42 8.5
LH | 68 52 71 52 46 5.1
BNP | 35 24 20 5.1 4.6 1.4
CN 20| LR | 48 50 36 46 43 6.3
kD (en) = 26.7 LH | 76 78 90 54 53 55
BNP | 27 29 13 49 4.7 1.2
30| LR | 43 48 37 43 42 73
LH | 66 72 79 51 5.0 5.0
BNP | 27 30 16 438 4.8 1.2
40| LR | 43 48 35 46 4.1 8.3
LH | 64 68 75 5.1 4.7 5.1
BNP | 3.0 31 19 438 46 1.4
50 LR | 46 47 43 48 4.8 8.2
LH | 62 64 72 51 5.2 5.0
BNP | 36 37 24 51 5.1 1.6
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Table 2: Simulated actual 5% sizes (x 100) for the less balanced sample size pattern (n; = ...

15 and Ng/s41 = -+

= ny = 3). Simulation size is 10, 000.

L G [T Te(RY) To To(F75) Ta(F75) To(A84)
MN [20| LR | 438 50 40 47 42 5.8
LH | 68 72 96 55 5.6 5.5
BNP | 33 35 13 50 49 2.0
30 LR | 47 48 43 47 46 6.1
LH | 64 64 85 50 53 5.0
BNP | 3.5 35 17 51 52 2.0
40| LR | 47 45 43 47 47 6.2
LH | 6.0 57 81 50 53 4.9
BNP| 3.6 34 20 49 5.1 1.9
50 LR | 46 45 41 46 44 6.3
LH | 58 57 75 49 49 4.8
BNP | 3.7 37 22 47 47 2.1
MT@®) |20] LR | 4.6 47 37 55 4.0 6.9
LH | 66 67 94 62 55 6.2
BNP| 29 30 12 58 47 2.3
30 LR | 50 53 38 59 4.0 73
LH | 64 68 87 63 5.1 6.3
BNP | 3.5 38 16 62 4.6 2.5
40| LR | 45 47 42 5.6 4.4 7.3
LH | 59 62 77 60 5.0 6.0
BNP | 3.5 36 19 56 49 2.6
50 LR | 50 51 42 61 45 8.0
LH | 62 64 17 65 5.0 6.5
BNP| 39 40 23 63 49 2.8
CN(0.1,3) [20| LR | 45 59 31 74 3.2 75
LH | 65 82 79 84 43 8.4
BNP | 3.0 41 09 76 4.0 3.7
30| LR | 46 60 34 79 3.9 7.7
LH | 6.1 78 74 84 4.7 8.4
BNP | 33 45 13 81 43 4.0
40 LR | 45 51 35 178 3.7 74
LH | 58 65 69 85 42 8.5
BNP | 34 39 17 78 4.1 4.1
50 LR | 47 47 39 82 43 7.7
LH | 59 58 69 88 47 8.8
BNP | 3.7 36 21 83 4.6 4.4
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estimator 44(1) agree very well. Moreover, Fujikoshi’s (1975) approximation is seen to be better for
the modified statistics (robust statistics), and more so for Lawley-Hotelling and Bartlett-Nanda-Pillai
statistics. This is somewhat expected because from theory we saw that the tests are not asymptotically
robust for large k if the sample sizes are unbalanced. The approximation from the large n; asymptotic
expansion is not as good as it was for the more balanced case. Furthermore, unlike the other approxima-
tions the behavior of this approximation is unclear as k gets bigger even for Lawley-Hotelling criteria
for which this approximation showed good performance in the more balanced case.

In Figure 1, the empirical powers of 7z and T, based on the approximation T c(F'75), are graphed
against trace({2) for £ = 30, p = 3 and the more balanced sample size pattern. In this figure, the null
quantiles for T are based on the approximations T (F75) and T (A84) whereas that of T, ar based on
fG(F7 5). All the tests are seen to have acceptable powers for all the sampling populations. However,
we notice that the power deteriorates as the kurtosis gets bigger. Nevertheless, the difference observed

among the individual tests seems to be attributable to the actual test sizes.

Figure 1: Achieved Power for 5% sizes for tests of equality of mean vectors p = 3, &k = 30, and

ny=...=ny5 =3and nig = ... = ngg = 5. Simulation size is 10, 000.
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Next we assess the accuracy of the asymptotic results and the finite approximations for tests of
dimensionality. We present the results for the more balanced sample size pattern and for p = 3, k = 30
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and r = 1. Therefore, the hypothesis under consideration is Hy; : w; > ws = w3 = 0. Since we have
seen from the theoretical results and from Tables 1 and 2 that the gain in the modified statistics is not
much unless |[an — 1| >> 0, we do not present results for the modified statistic from the simulation

study.

The approximations considered are:

1. Percentiles obtained from the limiting distribution given in Theorem 5.2 with estimated x4 [T(;(k4)],

2. Percentiles obtained from the large n; asymptotics with adjustment factor as in Seo, Kanda and

Fujikoshi (1995) [T (SK F)]

and

3. Percentiles obtained using the asymptotic expansion of Isogai (1977) [T (I77)].

Figure 2: Achieved 5% sizes for tests of dimensionality forp =3,r =1,k =30,n; = ... =ny;5 =3

and n1g = ... = ngg = 5. Simulation size is 10, 000.
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In Figure 2, the actual 5% sizes are graphed against §; = w; /k. We have placed a horizontal dashed
line at the actual size 0.05 for reference. It is clear from this figure that the desired 5% level is best
met for the Likelihood Ratio criteria based on the Isogai (1977) and Seo, Kanda and Fujikoshi (1995)
approximations and Lawley-Hotelling criteria based on the limiting distribution and Isogai (1977) ap-
proximations. The dependence of the actual size on 6, subsides quickly. Similar to what we observed
in Tables 1 and 2, the approximations for Bartlett-Nanda-Pillai are not quite as accurate.

8 Concluding Remarks

The asymptotic null as well as non-null distributions of multivariate test statistics for some testing prob-
lems in one-way layout have been derived under general conditions and in the asymptotic framework
that the number of treatment tends to infinity. More specifically, we obtained the asymptotic distribu-
tions in the contexts of tests of equality of mean vectors, profile analysis, additional information and

dimensionality. The techniques employed allow a unified treatment of all these testing problems.

The asymptotic distributions were found to be normal. The mean of the limiting distributions equal
the trace of the non-centrality parameters under normality and the variances depend on a measure of
kurtosis. Indeed, the variances do not depend on non-normality if the group sample sizes are equal.
Hence, one should be very cautious in applying the normal theory results in the general case. Neglecting
non-normality will have a serious consequence even when the number of treatments is large if the sample
sizes are unequal. The effect gets worse when p gets large. Therefore, we advise to use the results in
this paper which account for the kurtosis in the data if the sample sizes are unbalanced. An alternative to
kurtosis adjustment is to use the modified test statistics which were shown to be asymptotically invariant
to non-normality. The modification involves only the error sum of squares and cross-products matrix.
The modified statistics have power advantage over their unmodified counterparts when data is coming
from a distribution with substantially heavy tails. It must also be noted that the results of this paper
are also useful under normality. For most of the testing problems, exact distributions are known only
in a few special cases. Asymptotic results are mostly available only in the large group sample sizes
(replication sizes) asymptotic framework. The numerical results have demonstrated that the behaviors
of large sample sizes asymptotic results are unpredictable when the number of treatments gets large.

Given the theoretical robustness of the usual statistics in the balanced case, in particular, and the
modified statistics, in general, the numerical evidence confirms the accuracy of previous asymptotic
expansion results in the same asymptotic framework but under normality.

Finally, we conclude this section by providing a heuristic argument on the implications of the results
of this paper to large p asymptotics under normality. If we denote by T (p,k — 1, N — k) the exact
distribution of 7; under normality, then it is well known that (see Anderson, 1984, Chapter 8)

TG(p7k_17N_k) :TG(k_17p>N_p_1)

Therefore the k& — oo asymptotic results may have some implication to the p — oo, N — oo and
p/N — ¢ € (0, 1) asymptotics. This idea is at the heart of Tonda and Fujikoshi (2004) who derive large
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dimensional (p — oo) asymptotic expansion of the distribution of the likelihood ratio statistic for the

multivariate linear hypothesis.
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