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Abstract

In this note, we present the asymptotic expansions of tHedratfibutions of some test
statistics fork-sample profile analysis under general conditions. It éstfaruyama (2007,
Asmptotic expansions of the null distributions of some g&tatistics for profile analysis in
general conditions. J. Statist. Plann. Inference, 137;58)'s result of two-sample case
to k-sample £ > 2) situations. Further, two new test statistics are devisedefsting flat-
ness based on the normal theory likelihood ratio criterioden two different specifications
for the parameter space. The asymptotic expansions foe #iatistics are obtained. Our
derivations are much simpler and elegant in that they aredoas a transformation on some
known results for one-way MANOVA and Hotelling’s? statistics, etc. The accuracy of
the asymptotic expansions in approximating the exact nstitidutions of the test statistics
is examined via simulation studies. An application to a dedh set is illustrated.
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1 Introduction

Considerp-dimensional independent populationd’, 4@, - - -, y®) with mean vectorg:,
p®, . u® and common covariance matiix(> 0). The mean profile off/) can be treated
graphically as a line connecting the poi(ﬂsu(lj)), o (p, uﬁ,j)) Where,ugj) is theith component
of u9) . Profile analysis is the study of the relationship betweaséHines of mean vectors.

For one-sample case, the problem of interest is whether daavector is flat; for two or more
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sample case, the problem of primary interest is whether tblgs are (piecewise) parallel.
And if the parallelism holds, then two follow-up questiome é1) whether the separation of the
profiles, or the difference of means, is significant, and [2¢ter the profiles are flat. (Rencher,
2002; Johnson and Wichern, 1988; Srivastava and Carte8) 198

Let ya) (o = 1,...,n;) be independent identically distributed (i.i.d.) samdiesn the
jth populatlonj = 1,...,k). Denoteg¥ and SV respectively as the sample mean and
sample covariance of thi¢gh sample, and denogg = * ZJ D yd n = ZJ i, W =
S —1)8Y, B =38 ni(gv) — g)(g@) — ) , S =W/(n—k). Letlbeapx 1
vector of ones an67 be a(p — 1) x p matrix of rankp — 1 such that”'1 = 0. Then under the
assumption of normality, the profile analysis for one- ano-tsample cases can be summarized
in Table 1.

Under normality, each of the test statistics for the thragsten profile analysis are known
to be distributed as some constant multiple”anandom variable. The tests are unaffected in
term of size when the sample sizes are very large, even ifghenaption of normality does
not hold. However for moderate sample sizes, asymptotiamsipns under non-normality that
include terms of order up to @) will provide fairly close approximations. In the con-
text of profile analysis, Okamoto et al. (2006) used pertiwmbhamethod and obtained the
asymptotic expansions of the distributions of the testistte$ under elliptical populations.
Maruyama (2007) extended the results under more generditmors by a different method
introduced by Kano (1995).

In this note, we will present the null distributions of sorasttstatistics for profile analysis in
the generak-sample casek(> 2). However our technique is to simply apply a transformation
on some known results of one-way MANOVA test and Hotellirif*sstatistic, etc. (Fujikoshi,
1997; Fujikoshi, 2002; and Kakizawa, 2008). This paperisticbution goes beyond extending
the results of Maruyama (2007) in that some new test stistie proposed for the flatness
test in contrast to the traditional one. The asymptotic agma of one of the new statistics is
the sum of quasi-independent Hotellin@'s statistics whose asymptotic expansion is through
a decent application of a recent result by Kakizawa (2008).

The rest of the paper is organized as follows. The main resfithe paper, the asymptotic
expansion for the null distribution of some tests in profikalgsis, are presented in Section 2.
In Section 3, the numerical accuracy of the approximatiased on asymptotic expansions is
investigated. The application of the results is illustdatgth a real data example in Section 4.

2 Main results

2.1 Test statistics ink-sample case

We propose three statistics for testing parallelism, leve flatness for thé-sample profile
analysis as described in Table 2 below.



Table 1: Profile analysis (one- and two-sample cases)

Null hypothesis Test statistic Null distribution

under normality

— = | H e =) == ) Tpq = m(CgWy €SV (CgW) T2p—1,n; — 1)
/,—Jﬁ;:ﬁ HéDR . C,u,(l) = CN(2) TPR(Q) = %(@(1) _ @(2))/0/(050/)_10(3_/(1) . @(2)) T2(p Clong g — 2)

// HOLE : 1/u(1) = 1/u(2) Tre(2) = %1/(@(1) _ @(2))(1/51)_1(37(1) . 37(2)),1 F(1,n1 +ny —2)
- Hé’L : C’u(l) - C"u,(2) =0 TVFL(Q) _ (nl + ng)(C@)’(CSC’)‘l(Cg) Tg(p gt — 2)

HereT?(p, n) means Hotelling's™ distribution with reIationshiﬁ%T2 (p,n) = F(p,n —p+ 1), whereF(p,n —p+ 1) is F distribution
with degrees of freedomandn — p + 1 (Anderson, 1984, p.163).



Table 2: Profile analysig:tsample case)

Null hypothesis Test statistics
HPE . OpW =0p® = ... = cpu® Trr(k) = (n — k) tr(CBC")(CWC")!
HYE  1p®) = Vp® = . = 1/p® Tyu(k) = 711,'51/?@:2)
Hit: Op) = Cp® = ... = Cu® =0 | Tpp(k) = n(n —1)(Cy)' (C(W + B)C") "1 (Cy)

Some comments are in order.

First, Trr(k) is the natural extension dfpr(2) in two-sample case. Its is called Lawley-
Hotelling statistic in normal theory, whose distributiedenoted aé H(p — 1,k — 1,n — k).
(More specifically,L.H (p, k,n) with degrees of freedorh andn is defined as the distribution
of ntrHG~! whereH andG (> 0) arep x p independent Wishart random matrices with distri-
butionsiV, (X, k) andW, (X, n), respectively (Anderson, 1984, Sec. 8.6.2). Whileittsmample
version of the likelihood ratio statistic under normaligyrioted as\pr = |CWC'|/|C(W +
B)C'|.

Second, T, (k) is essentially arf’ statistic (of one-way ANOVA). It is also extension of
T.r(2) intwo-sample case. It can be rewritteriag: (k) = (k—1)"*(n—k)tr(1’B1)(1’'W1)~*
with distributionF'(k — 1, n — k) under normality.

Third, we take a close look at the flatness test. It is notettt&aflatness is subsequently
tested provided parallelism holds, otherwise its treatmesuld be different. Therefore, for
the moment we consider the parameter space to be the nulthege of parallelism, i.ef) =
H}E. Under normality, the likelihood ratio criterion for flatsehypothesis yields the statistic

C(W+B)C'| 1
IC(W + B+ng9)C"| 1+ n(Cy)(C(W + B)C) 1 (Cg)’

AFL =

a monotone function of'x; (k). In this mannerI’»; (k) can be viewed as a likelihood ratio
statistic for testing the mean vector of the pooled tramséat sample€'y) (j = 1,...,k)
equal zero. ltis free of after conditioning on the parallelism. And it is easy to shbe null
distribution of 1 (k) is T?(p — 1,n — 1), which is different to that off'p(2) (in the second
degree of freedom) of two-sample case.

On the other hand, if one chooses the parameter space toledheditional space, denoted
by Q* = {ul) € R?,j = 1,...,k}, then the resulting likelihood ratio statistic under nolitya

IS
leliied

|C(W + By)C"|’
whereB, = Zle n;gW gl Its null distribution is Wilk’sA distributionU(p — 1, k,n — k)
(Rencher, 2002, Section 6.1.3). It is noticed that = Apr - Ary, revealing a structure of

* —_—
AFL_
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decomposition into the two tests. The counterpartpf under the Lawley-Hotelling criterion
is
Tr (k) = (n — k)tr(CB,C")(CWC) ™,

whose null distribution is.H (p — 1, k,n — k) which is also different from that of - (2) as
Ti(2) = ni(CyDY(CSC)HCYW) + ny(Cy?)Y (CSC) "1 (Cy?) # Tr(2) in general.

In neither cases of2 and Q)* canTr.(k) and T}, (k) reduce to the traditional two-sample
version,TFL(Q). Notice that the distribution ofFL(Q) under the alternative hypothesis of
non-flatness is the same as that of a constant multiple ofceatral /' random variable with
non-centrality parametdin, + no)@'C'(CXC)1C i wherefn = (nqpy + napty)/(ng + no).
HenceTFL(2) tends to be large as long @41 # 0 and regardless of whether or not parallelism
holds. Therefore, the rationale behitﬁdL(Q) is not very clear. As a conclusion, from the
sequential test point of view, we would prefer usifig, (k) as the statistic.

Fourth, the test statisticS (k) andTr. (k) are invariant to the choice @f as long as it is
a contrast matrix satisfying'l = 0. This is easily seen by noting that two arbitrary contrast
matricesC'; andC, must be related by, = DC’, for some non-singular matrii, 1) ,—1).

Finally, it is noted that for parallelism test, other critgesuch as likelihood ratio or Bartlett-
Nanda-Pillai can be used too (Anderson, 1984). Howeverydhelting statistics are shown
to be very close to Lawley-Hotelling statistic and theirtdizitions can be obtained similarly
(Fujikoshi, 2002). We will not pursue them here.

2.2 Null distributions in k-sample case

Since the primary concern of profile analysis is about thermastors, we assume the ho-
mogeneity of any high order moments or cumulants up to theegdegequired under general
conditions.

Let M be ag x p known matrix of rank;(< p). Then the previous testing problems in profile

analysis can equivalently be formulated as hypothesegdbas¢he transformed populations
y* = Myl with meanp* = MpuY) and covarianc&* = MXM'. For instance, the

parallelism hypothesis becom&g™? : u" = ... = 4" thus reduces to a standard one-way
MANOVA problem.

Lete = (e1,...,¢,)" be a random vector with zero mean vector and covariancexmatri
Denote

Rabe = E(gagbgc) and Rabed = E(gagbgcgd) - (5ab50d + 5ac(5bd + 5ad5bc)

as the third- and fourth- order cumulants wheyegis the Kronecker delta defined by, = 1 if
a =bandd, = 0if a # b. Define two matrices of third- and fourth- order cumulants ofy

K;(e) = E[vedee’)e'],

K.(e) — Elvedee’vedee')] — Ex|vedee'veqee')], (2.1)
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where By stands for the expected value under normality. It can béiedrihat
Enx|[vedee’)vedee’) | = 1,2 + K, , + veqI,)ved,)’,

where K, ,, is thep? x p* commutation matrix. (The reader is advised to refer to Magnu
and Neudecker (1979) for the definition and properties ofctiramutation matrix.) Then the
following measures of multivariate skewness and kurtosisle expressed as

kS =k (e) =) K2, = tr{Ks(e) Ks(e)},

a,b,c

K = k() =) Kaaetivne = tr {K3(e)'ved I, )ved ) Ks(e) }, 2.2)
a,b,c

k) = Ky Z K2 = Vedl,) Ky(e)ved,) = E(e'e)* — p(p + 2).

The |nd|ces./f3 and /14 measure multivariate skewness and kurtosis, respectiaety were
introduced by Mardia (1970). Whereaé2 is a measure of skewness and was introduced by
Isogai (1983). The expressions in (2.2) are quite enlighteim showing the main difference
between the two measures of multivariate skewness. Itaslgleeen that bothg andn are
of the form t{ K5(e)’ AK3(e)} whereA = I, ® I, for /fgl) andA = vedl,)ved,) for /@

The effect of pre-multiplication of by a full row rank matrix on the skewness and kurotis
is examined next.

Lemma 2.1. Lete* = Me, then we have

kS = k§ (€%) = tr {M' M Ks(e)[(M'M) ® (M'M)]Ks(e)}
ﬁg?) = kP (e") = tr {M' M K;()' [ved M’ M)ved M'M)'| Ks(e)} ,
s = k1 (e%) = E(e'M'Me)® — 2tr(M'M)? — (tr(M'M))?.

Proof. Notice that

K3(Me) = (M ® M)Ks(e) M’
Ki(Me) = (M @ M)E,(e)(M' ® M)

which follow directly from the identity vecABC') = (C” ® A)ved B). Then substituting these
in (2.2) leads to the desired results noting the iderftityr B)(C ® D) = (AC) ® (BD). O

Now assumey’) — ul) = $1/2¢, then by settingl/ = £'/2, Lemma 2.1 gives the mul-
tivariate skewness and kurtosis indices §6F; by settingl/ = C'£'/2, Lemma 2.1 gives the
indices forCyY). Moreover, it is noted that the test statistics based onrtresformed popu-
lationsy)* are affine invariant. Hence by further settifg = (CXC’")~/2C%'/2, we can get
the indices for the standardizéty?) in the following corollary.
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Corollary 2.1. Let M = (CSC’)~2C5Y2 thenx!)", k" andx"" become

kS =t {20 (CSC) T OSY? K (e)

x [(ZYV2C (e Tlonl?) o (BV2C (0 Tt os ) Ks(e)},
kT = {22 (00T OS2 K e

x [ved 220 (CRC) TOs Y ved V20 (CRC) T ORY?Y K (e) ),
V= E(@TV2C/(CTC) oS e — (p—1)(p+ 1).

In practice to obtain the estimates of the indices, we cah dirgably choose a contrast
matrix such thaC'C’ = I,_4, e.g.,

1

7 7 0 0
T T —2 0
V6 V6 V6

f(p.fl)

1 1 1 DY —_—
V-1 \/pe-1)  /p(p—1) y/p(p—1)

then pre-multiply it to the pooled standardized sampleglfabthe resulting samples are still
standardizes with dimension pf- 1), and finally estimate.”, {”, x{" through (2.2).

Corollary 2.2. Let M = (1'S1)- 121’512, thenx("", k" andx!"" can be simplified as

(E(1/21/2€)3)2 " E(1/21/2€)4

SN
11 M 1'x1)?

Example 2.1.1If ¢ is elliptically contoured distribution with kurtosis pameeterx (Fang and
Zhang, 1990, Section 2.6), thefy) = x" = 0; further x"" = k(p — 1)(p + 1) in Corol-
lary 2.1 andx!"" = 3k in Corollary 2.2.

Now the distributions of pr(k), T1(k) andTr (k) can be readily obtained from the dis-
tributions of Lawley-Hotelling statistic and Hotellingls® under general conditions (Fujikoshi,
2002; Gupta et al., 2006; Fujikoshi, 1997). More specificalie general conditions are given
as follows, for each population, generically denoteg as

CL: EJy|) < +oc;
C2: The characteristic function af = (y1,--- , ¥y, ¥, 1192, - - , y;) Satisfies the
Cramér’s condition, i.elimsup ¢, ., |[E(exp(it'z))| < 1,

where|| - || is the Euclidean norm and= \/—1. The restriction of the second condition is based
on one of the validity conditions (Bhttacharya and Ghosl,8)9or asymptotic expansions.
Note that the Cramér’s condition is satisfiedjifs a continuous type random vector.



Proposition 2.1. Under the conditions C1 and C2, the null distributionofz (k) can be ex-
panded as

3
P(Tpr(k) < x) = Gop-ne-n(x) +n" Z ¢ G p-1y(r—1)42; () +0(n7), (2.3)

Jj=0

where
1 * * *
co = Z(10 - Dk-1)(k—-p—-1)— (agligl) + agﬁ:(f) )+ amz(ll) ,

]_ * * *
er = =50 = 1)k = 1+ 3’ + agn?) — 200

1 * * *
co=-p-1)k-1Dp-1+k)— 3(a2/{§1) + a3/i§2) )+ amfll) , (2.4)

4
c3 = aQ/-igl)* + a3/<;§2)*,

wherea; = (3_, po> =k —2k+2) /8, as = (30, pa?=3k+2)/12,a3 = (o, pa”—k?)/8,
Pa=/na/n(@=1,... k), ands{"", k" andx{"" are given in Corollary 2.1.

Proposition 2.2. Under the conditions C1 and C2, the null distributionZofz (k) can be ex-
panded as

P((k—=1)Tpp(k) < z) = Gpy(z) +n" Z ¢jGr-1425(x) +0(n7"), (2.5)

Jj=0

where
1 X « .
co = Z(l{: —1)(k—-3)— (agﬁ(gl) + a3/£§2) )+ amfll) ,

1 * * *
= _§<k — 1)? 4+ 3(apk")” + askl") = 20151,

1 . X .
cy = Z(/’f - (k+1) - 3(a2/@§}’ + a3/£§2) )+ amf) , (2.6)
c3 = agfigl)* + agligz)*,

a1, ag, as are defined as in Proposition 2.1, ar’", x{?", andx"" are given in Corollary 2.2.

Remark 2.1. Proposition 2.1 and Proposition 2.2 are obtained by apafyiremma 2.1 to the
asymptotic expansion of Lawley-Hotelling statistic gilsnFujikoshi (2002). Wheh = 2,
Proposition 2.1 and Proposition 2.2 reduce to Propositioarl Proposition 5 of Maruyama
(2007) respectively. Our derivation here is much simpler.

Proposition 2.3. Under the conditions C1 and C2, the null distributionof. (k) can be ex-

panded as
3

P(Tri(k) < 2) = Gyo(2) + 17 Y ¢,Gyrigy(w) + 0(n ™), (2.7)

J=0



where

co = —i(p — 17+ é/fél) i/fff)*,

o= (- 1) or 4 2wl

Cy = i(p —D(p+1) - ;n?)* img)*, (2.8)
Cc3 = %fig) + %ﬁgf) ,

andx{"", k", andk{"" are given in Corollary 2.1.

Remark 2.2. Proposition 2.3 is obtained by applying Lemma 2.1 to the gggtit expansion
of Hotelling’s 77 statistic given by Kano (1995) and Fujikoshi (1997). It iffefient to the
distribution of T'rr (k) in Proposition 2.1 as expected.

We also give the distribution d&f;; (k) under general conditions. Observe that
T (k Z n;(cg ) (CSC) " (cgW) Z TV,

which is the sum of quasi-independent Hotelling’é statistics,{7),j = 1,...,k}. Then
its null distribution can be obtained by applying Lemma 2latsimplified result of Kak-
izawa (2008, Theorem 3).

Proposition 2.4. Under the conditions C1 and C2, the null distributiondf, (k) can be ex-
panded as

3
P(Trp(k) <) = Gpyyp(z) +n7" Z ¢ G p-1ykro;() +0(n7), (2.9)

J=0

where

1 X .
co==(p—Vk(k —p) — (a35” +azrl") +airl),

4
1 *
e = —5(p— DR + 305 + 303 — 201,
1 * 1 * * 1 *
¢r= 10 = Dk(p+k) = Ba3 + H)ry" — Baj+ 5)ng” +aisi”,  (2.10)
* 1 1 * 1 2
e = (a3 + H)my) + (a5 + )ng

whereaj = (330_, p,” — K = 2k)/8, a3 = (X0_, pa” = 3K)/12, a5 = (S pa” — K2)/8,
andx{"", k", andk{"" are given in Corollary 2.1.
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Table 3: Theoretical values et”", ", andx!"" for M3, M4, M5

(s ms R | p=3 p=5
M3 (0,0,1.6) (0,0, -3.84)
M4 (2.67,0,8) (9.6,0,19.2)
M5 (0.67,0,2) (2.4,0,4.8)

Remark 2.3. Although the null distributions &f., (k) and T}, (k) under normality only differ
by one degree of freedom, their asymptotic expansions ugeleeral conditions cannot be
simply related by changing the first degree of freedor tf £ — 1 or vice versa. Some subtle
changes of coefficients of skewness and kurtosis also take pt level.~! (comparinga;'’s
with a3’s).

3 Numerical Accuracy

In this section, we examine the numerical accuracy of thesiees approximated by different
finiteness corrections based on the asymptotic expansiotine aull distributions. The per-
formance for the two-sample case has been reported in Miaray2007). Here we first study

a three-sample case as an example for geriesaimple case and then focus on the accuracy
comparison between the new test statistics and the tradltame for the flatness test.

We adopt three nonnormal models considered in Maruyama/j2g0follows,

M3:y = (y1,...,yp) Withy; (j = 1,...,p) independently from Uniforf+-5, 5),
M4: y = (y1,...,yp) Withy; (j = 1,...,p) independently from Ex@ ),
M5: y = (y1,...,y,)" Withy; ( = 1,...,p) independently from.
The theoretical values of,”", {”", andx!"" for M3, M4, M5 are given in Table 3. It is noted

that because the componentsyoin these models are independent and identically distrihute

we getK; = [(3(ei€] exe; -+ epe,) ., Wherefs is the skewness af; ande; is ap x 1

constant vector with thgh element 1 and others 0. Itis easy to veF.ifS)* = 0 by Corollary 2.1
in these cases. (There seems a misprint in Table 1 of Maruy20@&).) LetT, be a generic
test statistic whose asymptotic expansion of the distiobus of form

3
P(T, <a)=Gp(x)+n ") ¢;Grai(z) +0(n™"). (3.1)
j=0

Then along with the size approximated by the large samplayhee.,

ar = P(T, > u), u=x3(«a), thea upper percentile of,

10



three correction methods based on the asymptotic expa&ibnare obtained as follows,

1) [percentile correction]

(€2 + c3)u N c3u?
f+2 0 (f+2)(f+4

ar = P(T, > 1,), Tu:u+2—?;{—co+ )}7 (3.2)

2) [Bartlett correction]

n

A 2 -
az=P(T, >m7), 7 =u( ——b)_1> )‘b:?Z]CjQ (3.3)
j=1

3) [monotone transformation correction]

_u__ f(f+2) —(f+2)(c1 + )

— P T — nA1+A _1 _ v @ 7 —
4= P(Ty > 7). 7 =nhemima—1), h = 272=0 5, Ao 2c2+6c‘°’(3 )
4

The details can be found in Fujikoshi (2000) and Maruyam®72@mong others. It is noted
that in the simulations and in practieg, 7,, andr,, are estimated by replacing the coefficients

¢;sandsl), kY, (" with their consistent estimators.

For every model, we set the number of groupsto be 3, and compare the sizesaf,
ae, g, anday for three types of hypothesis given the nominal size to b&.0\0/e let the
sample sizes vary in both balanced and unbalanced ways. Sfpeloéic, we choosen, ny, n3)
to be(5,5,5), (5,5, 10), (10, 10, 10), (10, 20, 30), (20, 20, 20), (30, 30, 30). And we choose the
dimension of random vector to be 3 and 5, respectively. Theahsize in each case is estimated
by the empirical size from 10,000 simulations. It should beed that for the flatness test, as an
adjustment for the sequentialness of the test, the actzed $or the proposed statisfi¢-; (k)
is estimated by the empirical conditional probability

o = P(TFL<k) > TFL|TPR(]€) < TPR),

whererr;, andrpy take different values according to different correctiortmoels. (The actual
sizes without conditioning are also computed and are foorgetindistinguishable from the
conditional ones as the models satisfy the parallelismmaatizally. The details are available
upon request.) The results are shown in Figure 1 and Figw@&e symbol+4+’ stands fora,

of large sample theory and the symboi§ “ A", * {’ stand fora, (percentile correction)ys
(Bartlett correction) andv, (monotone transformation correction), respectively. @nolings
are summarized as follows.

1) The test criteria for profile analysis under normalityangle sample theory are not robust.
They tend to have inflated type | error rates, i.e., they doerdil. (See lines off’ in
Figures 1 and 2.)
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p=3
PR LE FL FL*

0.05

0.2

001: e \ M4

Actual size

0.2

;>.1 \ - M \\’\» M5

0.05 TV TV
0
1520 30 60 60 90 1520 30 60 60 90 1520 30 60 60 90 1520 30 60 60 90
pooled sample size

Figure 1: Actual sizes of profile analysis for three modelemwthe dimension of random vector
is 3. The three rows of the panel correspond to three modejsWtand M5, respectively. The
four columns of the panel correspond to different types sfihg indicated in the titles, where
PR, LE, FL, FL* stand for parallelism test, level test, flagagest usind@’»; (k) and flatness test
usingTy, (k), respectively. Symbolst’, ‘ «’, * A, * &’ stand fora; (large sample theoryjy,
(percentile correction)ys (Bartlett correction) andv, (monotone transformation correction),
respectively.

2) The overall improvement of accuracy of sizes through gagtic expansions §, * A’
“{") is very significant compared to the size obtained from dasgmple theory {).
The improvement of accuracy is appreciable in all threesygdypothesis testing, in all
three models under consideration and in the balanced assvetlbalanced cases.

3) Among three correction methods, the Bartlett correcaippears to be the best, especially
in Model 3 (First rows of Figures 1 and 2).

4) Both Tpr (k) and T}, (k) for flatness test work well. The former with sequential test
scheme gains better accuracy toward the nominal size tledatter (Columns 3 and 4 of
Figures 1 and 2).

We also carry out simulations on other multivariate disttilns such as multivariatedistribu-
tion and contaminated multivariate normal distributiomeTesults exhibit a similar pattern as
found before, therefore are not displayed here.
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p=5
LE FL FL*
0.2
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0.1 M3
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pooled sample size
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?
/
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Figure 2: Actual sizes of profile analysis for three modelemwthe dimension of random vector
is 5. The three rows of the panel correspond to three modejswWtand M5, respectively. The
four columns of the panel correspond to different types sfihg indicated in the titles, where
PR, LE, FL, FL* stand for parallelism test, level test, flagagest usind@’»; (k) and flatness test
usingTy, (k), respectively. Symbolst’, ‘ «’, * A, * &’ stand fora; (large sample theoryjy,
(percentile correction)ys (Bartlett correction) andv, (monotone transformation correction),
respectively.

Next, we compare the sizes of flatness test using the traditistatistic, (2) and two
proposed statisticEr.,(2) andT}., (2) in two-sample case in a similar fashion as before. In ad-
dition, we choosén,, n») to be(5, 5), (5, 10), (10, 10), (5, 20), (20, 20). The asymptotic expan-
sion of the distribution of 1, (2) is claimed to be identical to that &% (2) in Maruyama (2007).
The results are shown in Figures 3 and 4, where the same symitgoused as before to stand
for sizes obtained by different correction methods. It insthat the test statistif;,(2) has a
tendency of rejecting more null hypotheses than it shousheaifter corrections. (See the first
column of Figures 3 and 4.) Whil&z;(2) and its finiteness correction perform well in con-
trolling the size to the desired level. (See the second colahfigures 3 and 4.) Buf}., (2)
behaves not as well 8-, (2) when comparing Column 3 and Column 4 in Figures 3 and 4.
Again, the Bartlett correction appears to be the best ammathree correction methods.

Furthermore, we compare the powetlof, (2), Ty, (2) andT?%, (2) for model M5 under the
situation when the nominal size is 0.05, the dimension ofiloam vector is 5 and the Bartlett
correction is used. The alternative models are chosen hypgdd= 0, 1,2, ..., 5 respectively
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Figure 3: Actual sizes of flatness test for three models whendimension of random vec-
tor is 3. The three rows of the panel correspond to three rsodehe three columns of the
panel correspond to different test statistics indicateti@titles, where FLO, FL, FL* stand for
Tr(2), Tr(2) and Ty, (2), respectively. Symbolst”, ‘', < A, * &' stand fora; (large sam-
ple theory) o, (percentile correction)y; (Bartlett correction) and, (monotone transformation
correction), respectively.

to the first component off and the first and third components gfso that only flatness is
violated. The result is shown in Figure 5. We can see that when(0 the power is in fact
the size (the third row of Figure 4 with pooled sample size Wbgre Ty, (2) beats the other
two significantly. For alternative values near the null hyyesis, T, (2) is better thari,,(2)
andT}., (2) despite the slightly higher powers of the other two statsstWhile as) increases,
so is the non-centrality parameté&¥;, (2) appears to be superior to the other two. The graphs
clearly suggest that if we make adjustment for size inflaﬂbenpr@) andTr(2) will have
very similar power. The graphs also show tﬁT}l&@) andTr.(2) are more sensitive to slight
departures from the null thafi;, (2). Furthermore, the graphs give evidence that the power
curves exhibit similar patterns under different altewestructures. Finally, taking both size
and power into consideration, two new statisfigs (2) andT’:, (2) outperform the traditional
oneTFL(Q).

In conclusion, we assert th@dkr(k), T.z(k), andTr. (k) can serve as a full extension of
test statistics fok-sample profile analysis. The finiteness correction baseth@masymptotic
expansion is crucial to improve the accuracy of size undeeg# conditions. We recommend
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Figure 4: Actual sizes of flatness test for three models whendimension of random vec-
tor is 5. The three rows of the panel correspond to three rsodehe three columns of the
panel correspond to different test statistics indicateti@titles, where FLO, FL, FL* stand for
Tr(2), Tr(2) and Ty, (2), respectively. Symbolst”, ‘', < A, * &' stand fora; (large sam-
ple theory) o, (percentile correction)y; (Bartlett correction) and, (monotone transformation
correction), respectively.

using Bartlett correction for its accuracy and simplickurthermore, it is numerically possible
that thep-values computed from the formulae (2.3), (2.5), (2.7) @nhél)(can be greater tharor
negative because they are only asymptotic expansion sestulbpposed to convergence results
(Yanagihara and Tonda, 2003). The expansions should miaénlysed to obtain percentiles or
Bartlett’s and monotone transformation corrections.

4 Application

The quality and quantity of rainfall on a 65-year old spruesd in Upper-Solling near Gotingen,
Germany were manipulated for experimental purposes bytearnisg a permanent roof over
two sections of the wood. The roofs are built underneath #mopy at 3.5 meter above the
ground. In one of the two experimental areas the rain wascieitl and de-mineralized to treat
with a nutritive substance and sodium salts and re-sprihldleder the de-acidification (D1)
roof. The second roofed area (D2) is served as the controladfaffect. For this area, rain was
collected and re-sprinkled without further manipulatidn. this experiment, another control
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M5 (a=0.05, p=5, n1=n2=20, Bartlett correction)

H,: 1=(8,8,8,8,8)'+5(1,0,0,0,0) H,: u=(8,8,8,8,8)+5(1,0,1,0,0)
1r 1r A
0.9r 0.9r
0.8+ 0.8r /
0.7t 0.7+ /
o 0.6 0.6r
2
3 051 0.5r
o
0.4r 0.4r
0.3r 0.3r
0.2r 0.2r
—+— FLO
0.1r 0.1r FL
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Figure 5: Powers of flatness test obtainedﬁﬁy(Q), Trr(2) andTy, (2) for model M5 when
the nominal size is 0.05, the dimension of random vector iansl the Bartlett correction is
used. The alternative models are chosen by adding0, 1,2, ..., 5 respectively to the first
component ofy (left panel) and the first and third componentgdfight panel). Three statistics
are denoted as FLO (with red line of*), FL (with green line of %’), and FL* (with blue line
of ‘A\"), respectively.

area (DO) was considered which does not have any roof andbjectad to the normal weather
condition. Ten water samples were collected at a depth leetiWeand 100 centimeters from
each of the areas (DO, D1, D2) and for each of the winter mgiNbgember-February) in the
years1989/1990—1995/1996. For this example we use the average over the four wintermsont
to represent th&O, concentration for the winter of a particular year. Therefae have: = 3,

p = 7andn; = ny = nz = 10 for this case. See Brunner, Domhof and Langer (2002, Section
1.3.3 and Appendix A.3) for a detailed account of this data se

The profiles ofSO, concentrations (mg/l) of the individual sample observaiover the
seven years are plotted in Figure 6 (a). The boldface linesheer mean profiles for the three
areas. A chi-square plot of the concentrations correctedriEa mean is displayed in Figure 6
(b). Itis clear from the profile plots that apart from one oowwtliers, we do not see any marked
deviation from parallelism or level hypotheses. On the oltlaad, the chi-squared plot provides
a resounding evidence against normality. Mardia’s (19&8stof multivariate normality based
on skewness and kurtosis yielded p-values less th@01 and 0.0001, respectively, which
lead to the conclusion that the data does not appear to hawe om multivariate normal
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Figure 6: (a)SO4 Concentrations (milligram/liter) in water samples takesnt the three sites
representing the three areas or treatments (DO, D1 and D#)dseven winters seasons in the
years1989/1990 — 1995/1996. (b) Chi-square plot of th& O, concentrations data corrected
for area mean.

distributions. The same was confirmed by Henze and Zirkigr@90) test for multivariate
normality with p-value).0004.

We conducted the profile analysis tests based on four metbodpproximating the exact
null distributions of the test statistics. Two of the meth@ie based on the quantiles of the
exact distribution of the test statistics assuming muliata normality and the quantiles of the
limiting chi-square distribution. The other two are basedquantiles from the asymptotic
expansion with Bartlett’s and monotone transformatiorrexions given by (3.3) and (3.4),
respectively. The p-values using all the four methods of@pgmations are presented in Table
4.

Clearly, p-values based on the multivariate normal assiampind the limiting distribution
lead to the rejection of the parallelism hypothesis. Whemalpism is rejected, the standard
practice in profile analysis is to proceed with separate digriest for each group. In which
case we have to deal with the intricacies associated withipleitesting. At any rate, in light
of the small sample sizes and the failure of the normalityiaggion, we obviously cannot
have faith on the conclusions from these two approximatidba the other hand, based on
the p-values from the asymptotic expansions, we conclualgtiere is no significant evidence
against parallelism. We therefore can proceed with theftedhe levelness and flatness of
the mean profiles. The p-values for levelness unanimousligate for the tenability of this
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Table 4: Profile Analysis af O, in the three experimental areas of the spruce forest ropéqiro

Test Statistics

Approximation Ter(3) Tie(3) Trn(3) T{(3)

Assuming Normality 0.0473 0.2684 < 0.0000 < 0.0000
Limiting Distribution 0.0119 0.2512 < 0.0000 < 0.0000
Bartlett Correction 0.0731 0.2754 < 0.0000 < 0.0000

Monotone Transformation 0.0839 0.0963  0.0013 0.0002

hypothesis. Furthermore, we see there is clear evidentdhbanean profiles are not flat.
Therefore, the5O, concentrations in the two roofed and the unroofed areasifitein exactly
the same way across time.

Acknowledgements

The research of Solomon W. Harrar was supported by the MarBaard of Research and Com-
mercialization Project. The research of Jin Xu was partppsuted by Science and Technology
Commission of Shanghai Municipality Pujiang Rencai Pro@at”J14037.

References

[1]

[2]

[3]

[4]

[5]

[6]

Anderson, T. W. (1984)An Introduction to Multivariate Analysi@nd ed.). John Wiley
Sons, New York.

Bhattacharya, R. N., and Ghosh, J.K. (1978). On the ugliof the formal Edgeworth
expansionAnn. Statist6, 434-451; Corrigendum, ibid (1980).

Brunner, E., Domhof, S. and Langer, F. (2008)nparametric Analysis of Longutidnal
Data in Factorial Experimentswiley, New York.

Fang, K. T. and Zhang, Y. T. (1990%eneralized Multivariate Analysi$pringer-Verlag,
New York.

Fujikoshi, Y. (1997). An asymptotic expansion of thetdisution of Hotelling’s 7°2-
statistic.J. Multiv. Anal, 61, 187-193.

Fujikoshi, Y. (2002). Asymptotic expansions for the tdigutions for multivariate basic
statistics and one-way MANOVA tests under nonnormalityStatist. Plann. Inference
108 263-282.

[7] Gupta, A. K., Xu, J., and Fujikoshi, Y. (2006). An asymfieexpansion of the distribution

of Rao’'sU—statistic under general conditiah.Multiv. Anal, 97, 492-513.

18



[8] Henze, B. and Zirkler, B. (1990). A class of invariant asahsistent testsfor multivariate
normality. Comm. Statist. Theory Methqd®, 3595-3617.

[9] Isogai, T. (1983). On measures of multivariate skewrsgss kurtosisMath. Japon,. 28,
251-261.

[10] Johnson, R. A., and Wichern, D.W. (2002pplied Multivariate Statistical Analysi&ifth
Edition. Prentice Hall.

[11] Kakizawa, Y. (2008) Asymptotic expansions for the dizitions of maximum and sum of
quasi-independent HotellingE? Statistics Under Nonnormalitgomm. Statist. Theory
Methodsin press.

[12] Kano, Y. (1995). An asymptotic expansion of the digitibn of Hotellings-statistic
under general conditioldmer. J. Math. Management Sdi5, 317-341.

[13] Mardia, K. V. (1970). Measures of multivariate skewsmi@sd kurtosis with applications.
Biometrikg 57, 519-530.

[14] Maruyama, Y. (2007). Asmptotic expansions of the nigtibutions of some test statis-
tics for profile analysis in general conditiords Statist. Plann. Inferencé&37, 506-526.

[15] Magnus, J., and Neudecker, H. (1979). The commutatiatrita some properties and
applicationsAnn. Statist.7, 381-394.

[16] Okamoto, N., Miura, N., and Seo, T. (2006). On the duttions of some test statistics
for profile analysis in elliptical populationgmer. J. Math. Management S&@6, 1-31.

[17] Rencher, A. C. (2002Methods of Multivariate Analysiznd ed. John Wiley: Sons, New
York.

[18] Srivastava, M.S., and Carter, E.M. (1988 Introduction to Applied Multivariate Statis-
tics. North-Holland, Amsterdam.

[19] Yanagihara, H. and Tonda, T. (2003). Adjustment on aymgotic expansion of the
distribution function withy>—approximationHiroshima Math. J.33, 15-25.

19



