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Abstract

We propose different nonparametric tests for multivariitea and derive their asymptotic distri-
bution for unbalanced designs in which the number of fageels tends to infinity (large, smalln;
case). Quasi gratis, some new parametric multivariate testable for the large asymptotic case
are also obtained. Finite sample performances are inagstigand compared in a simulation study.
The nonparametric tests are based on separate rankindre fdifferent variables. In the presence of
outliers, the proposed nonparametric methods have beatteerthan their parametric counterparts.
Application of the new tests is demonstrated using data fotamt pathology.
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1 INTRODUCTION

Multivariate data occurs naturally in several scientifidd#e as for example in agriculture, biology,
medicine, and the social sciences. In many situationsnitiseasonable to assume that the observations
follow a Gaussian distribution, in particular when the @sges are scores on an ordinal scale, and
therefore application of normal theory methods is not appate, and a nonparametric approach is
desirable. Recently, Munzel and Brunner [1,2] (see alsd{®}e proposed different tests for multivariate
data that are completely nonparametric and allow for atyitdistributions of the response variables,
including discrete distributions, and for arbitrary degence between the different variables. Munzel
and Brunner’s asymptotic theory is aimed at the situatioern@hthe sample sizes are large, compared
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to the number of samples (large, smalla). The focus of this manuscript is the situation in which
the number of samples is larger than the sample sizes (targmall ;). This is often the case, for
example, in agricultural screening trials (see, e.g.,]J4d in survey data with large number of strata
and few observations per stratum. Bathke and Harrar [6V§ peoposed and evaluated different types of
multivariate nonparametric tests for balanced data. Raldalata facilitates a rather elegant theory in the
derivation of tests for multivariate factorial designsgddor relatively simple limiting distributions of the
test statistics. However, unfortunately, many real dats @&e not balanced. In the present manuscript,
we propose different nonparametric tests for unbalanceltivatiate data and derive their asymptotic
distribution asz — oo, (Wwhereas:; is assumed bounded). As already the case in a simple linedglmo
unbalanced multivariate designs can easily lead to forbiedagebraic expressions, and to controversies
about which types of sums of squares are appropriate. Hergestigate three different ways to define
“sums of squares”. For each way, we derive the asymptotidlgigion of different types of statistics,
namely Dempster-ANOVA-Type, Lawley-Hotelling-Type, aBdrtlett-Nanda-Pillai-Type. In general,
none of these three types is uniformly better than the other in fact, which test is preferable depends,
among other things, on the — usually unknown — correlatiomctire between the different variables
that form the multivariate observations. This is also coméid in the simulation study in the present
manuscript.

In our theoretical derivation of the asymptotic distrilouns, we make use of the fact that the three
types of statistics under consideration can be express&dcitar ways. For each combination of sums
of squares, we prove one general theorem regarding the &stoqistribution of classes of multivariate
rank statistics, and the results about the individual tygessts then follow as simple corollaries.

Munzel and Brunner’s, as well as our approach to define nauwitite nonparametric tests is based on
separate rankings of the different variables, as opposé&thoéonpson [8,9] who proposed multivariate
tests based on overall rankings across the variables. gpgrate rankings has some important ad-
vantages. First, tests based on separate rankings areimvander separate monotone transformations
of the response variables. Consider, for example, theblasheightandweight It should not matter
whether they are measured in centimeters and grams, ortiesrand pounds. Separate monotone trans-
formations of the individual variables should not affea thsults of the tests. This can only be achieved
in separate rankings. Furthermore, it is commonly the daskthe different variables are measured on
completely different scales for which an overall rankinguag sensible. The separate ranking approach
can even be applied when the different variables are mehsuralifferent types of scales (e.g., ordi-
nal and quantitative). In addition, in the case that measards of different variables are independent,
separate rankings preserve the independence across ihklesrwhereas an overall ranking induces
dependence across all variables.

Early work on multivariate nonparametric methods incluBesi and Sen [10,11] who also used
separate rankings for the different variables. They care a Wald-type statistic, assuming semipara-
metric location models with continuous population digitibns. In Munzel and Brunner [1,2] as well
as in the present manuscript, the model is completely nanpetric, and the distribution functions are
allowed to be arbitrary.



The largea asymptotic behavior of nonparametric multivariate testauhbalanced data has, to our
knowledge, not been addressed previously in the literataraddition, we would like to point out that
the new asymptotic results in this manuscript are applecabt only to the ranks, but also to the original
observations if we assume that the fourth moments of the lpbpn distributions exist. Parametric
versions of the tests described in Sections 2.5 and 2.6 hatveeen used in the literature before. One
principal advantage of these tests is that they could beexppl situations where the covariance matrix
is not constant from group to group.

Outline of the paper. In the following Section 2.1, we defihe honparametric hypotheses under
consideration in this manuscript, as well as some matrivechquadratic forms that we will use to test
these hypotheses. Furthermore, we introduce the termg transform” and “asymptotic rank trans-
form”. In the subsequent sections, we derive the asymptotie oo) null distribution of several newly
proposed test statistics that are based on the matrix-o/gjuadratic forms defined in Section 2.1. This
derivation is broken up into different parts, with some pnahary work done in Sections 2.2 and 2.3.
Specifically, in Section 2.2, we prove the consistency dedgnt covariance matrix estimators, whereas
in Section 2.3, we establish the asymptotic equivalencedam expressions defined in terms of rank
transforms and the corresponding expressions in termsyaigstic rank transforms. Finally, in Sec-
tions 2.4-2.6, we derive the asymptotic (as- oc) distribution of all test statistics under consideration,
making use of the results obtained in the previous sectidvescompare the finite sample behavior of
the different tests in a simulation study that is descrilve8ection 3. Furthermore, the new results are
applied to a real data set in Section 4. All proofs are defetwehe appendix.

2 DEFINITION AND ASYMPTOTIC PROPERTIES

2.1 Basic Definitions

Consider an unbalanced design withndependent samples of multivariate observations. In the f
lowing, the index; = 1,...,a denotes the group, = 1,...,n; denotes the subjects per group, and
k =1,...,pdenotes the different variables measured on the same subjec

The observations are modeled by independent random vé@;o&s(ijl), e Xff’)’, i1=1,...,a, j=
1,...,n;, with possibly dependent components. The dependencdis&wzan be arbitrary. Denote the
multivariate distributions b ,; ~ F;, and the marginal distributions by’ ~ £, k =1,...,p. The
marginal distributionsﬂ(k) are assumed to be nondegenerate. Throughout the manuseripse the
normalized version of the cumulative distribution funntidﬂ(k) (x) = %P(Xi(f) <z + %P(Xi(f) <)
[12-15]. A factorial design can be modeled within the conhtaxthis setup by imposing a structure on
the index:. However, this paper focuses on the one-way layout. The m@neral asymptotic results
can be transferred to higher-way layouts, but notation @ydhatotic variance become rather involved.
An exhaustive treatment of higher-way layouts would excamgbe and length of this manuscript, and it

is therefore deferred to a separate treatise.



The nonparametric hypotheses can be stated either in terthge onultivariate distributions or in
terms of the marginal distributions. For example, in thepayametric one-way layout, we consider the
multivariate null hypothesiél, : F; = ... = F, and the marginal null hypothesig, : Fl(k) =...=
Fék), k = 1,...,p. The multivariate hypothesis is stronger than the mardigabthesis in the sense
that the first implies the latter. Therefore, every resudt th proved under the marginal hypothesis is also
true under the stronger multivariate hypothesis, but no# versa, unless the marginal distributions are
independent. Also, note that in general the nonparametpotheses formulated in terms of distribution
functions imply the linear model hypotheses formulatedceimts of the corresponding expected values.
To see this, consider an arbitrary contrast defined by weighti = 1, . . ., a. If for the contrast in terms

of distribution functions) | w; F; = 0 is true, then the following holds for the same contrast imteof
i=1
expectations:

szu sz/xdF /xdiwiﬂ(m’) =0

In the subsequent theorems, we have strived to providegdaaascy as to which of the results are true
under the weaker marginal hypothesis, and we have expliotlicated when the stronger multivariate
hypothesis allows for stronger results. That is, if a resultue under the weaker marginal hypothesis
H,, then we have stated it und&f, in some cases followed by a stronger result obtained uHger

The test statistics considered in this paper use separdmgs for thep different variables. This is
motivated by possible applications where each variablesigsured on a different scale. In fact, the tests
considered here can even be used when some of the variableslaral, while others are measured on a
numerical scale. In such a case, it would not make sense kotzservations across all variables. Also,
as we have mentioned above, only separate rankings alloimvfariance under monotone transforma-
tions of the different variables. In addition, in the caseevehthe different variables are independent,
the separate ranking preserves this independence, whiteestall ranking would introduce dependence
across the variables. Furthermore, as an anonymous refeneted out, bothid, and [, are invari-
ant under the group of marginal monotone transformatignsay. So the invariance principle suggests
basing tests on maximal invariant statistics§omwhich are the separate (componentwise) ranks.

DefineR = (Rit,. . Rin;; Rars . Ran, ), WhereR;; = (RY,....,RYY, and R} is the (mid-
Jrank of Xi(f) among allN = an random varlablesX11 ,...,Xé’;il. Note thatR is a matrix of

z_l

dimensiorp x N. DenoteR; = - Z Rj,R.=%x> Z R,; the weighted average, aRl = 1 Z
i=17=1 —
the unweighted average of the rank vectors. L,ebe them-dimensional identity matrixi,, them x 1

column vector consisting of one$,, = 1,, - 1. them x m matrix of ones, and®,, = I, — %Jm the
so-called centering matrix. We denote Hy the Moore—Penrose generalized inverseloBesides its
uniqueness and existence, this inverse also defines a sonimapping (see Schott [16], Chapter 5).

We have investigated rank-based versions of three difféyges of test statistics that are popular
in parametric multivariate inference, namely Lawley-Hiatg-Type, Bartlett-Nanda-Pillay-Type, and
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Dempster-ANOVA-Type. It is possible to derive a cohereebity for these three types because they all
can be defined similarly in terms of the followipgx p matrices that are based on the rank maix

<€B -, — —JN> R (1)

1 R _ B
G = N —a ZZ(RZ] —Ri)(Ry —R.) = (@ ) 3)

R’ (2)

R’ (4)

1 1 S - /_l T # !

Each of the different test statistics proposed below wilbesed on one of the three pafis;, G,),
(Hy,Gs), or (He, G3). Note that in a balanced design with=n, i = 1, ..., a, the matrices; and
G, are identical, and furthermoréf, = n~!' - H; andGs = n~' - G; = n~!' - G,. Because of these
relations, in a balanced design, each of the three pairslegt to the same test statistic. While the
first pair (Hy, G) represents a straightforward extension of the univariageway analysis of variance
(see, e.g., Scheffé [17], p.59), the multivariate teststtas based oH,, G;) have a rather complicated
asymptotic { — oo) variance, which led us to consider other matrix pairs. TlarivesH,, G, and
G5 can be motivated from the MANOVA approach for constructiegts. For example, in multivariate
mixed models, it is a common practice to construct tests kadfiand random effects by comparing
sums of squares and cross-product matrices under the mdkigsis. Letd,(X), G2(X) andG3(X)
be defined in the same way &s, G, andGs, respectively, but based on the original observationsimatr

X. Consider the null hypothesig, : " = ... = F¥ k= 1,...,p. Let Var(X;;) = ;. Then,
1 ‘ n;
En,[Hy(X)] = E[G2(X)] = — Z (1-%) % and
Eu [Ho(X) = BIG3(X)] = 23 Lo,
Ho 2 - 3 - a TLZ' 7

Therefore, it makes sense to compare the matrices in ealsl péirg H,(X), Go(X)) and( H,(X), G5(X
to construct valid tests fak . For univariate designs, these sums of squares have besstigated re-
cently [18,19]. Furthermore, the ANOVA-Type and Lawleytlling-Type test statistics proposed in

5



[1,2] in the context of the large asymptotic setting are closely related to those in the ptesanuscript
that are based on the matrix pal,, G3). However, due to the different asymptotic context, thearaze
estimators derived in [1,2] would not be consistent in thespnt manuscript (largeasymptotics). A
caveat in using tests based on any of these pairs is thatdtsenb@y not be invariant to affine transfor-
mations. That is, leR(X) denote the matrix of componentwise rankXafandC' be ap x p positive
definite matrix. In generaR(CX) # CR(X) unlessC' is a diagonal matrix. Therefore the test statis-
tics considered in this paper will not be affine invariant.nldarametric affine invariant sign and signed
rank tests for the multi-sample location problem have bessicered in the work of Oja and colleagues
[20,21,22]. For a comprehensive review, see also [23]. és¢hmanuscripts, the population distribu-
tions are assumed to belong to the class of absolutely ecaisrand symmetric location families of
distributions.

For the mathematical derivations in the technical proothigfmanuscript, it is convenient to use the
so-called “asymptotic rank transforms” (ART) and “rankiséorms” (RT). They are formally introduced
in the following definition. The concept of ART was proposedAkritas [24].

Definition 1. LetX;; = (X\,..., X", i=1,...,a, j = 1,...,n;, be independent random vectors

with possibly dependent componeit§’ ~ F{*, k=1,....p. LetN = 3 n,.

i=1

H®)( Z n,F;"”(x) denotes thaverage cdfor variablek; (6)
a 0, t<0
H® (2 ZZ (x— X)), wherec(t) =4 1/2, t=0
=1 5=1 1, t>0,
denotes thaverage empirical celf (7
Y=(Y1,...,Y,), whereY; = (Yi,...,Yi,) and Y;; = (Y\",..., YY), and finally
Y = H® (X)), isthep x N matrix ofasymptotic rank transforms (ART) (8)

The matrix ofrank transforms (RT)Y, is defined analogously, with elemeft$’ = 7 (X"). Fur-
thermore, M = (py, o, -, 1g)s B = (K1, - -5 Hyp,) WhETE R, = (ug),...,ug”)) is the vector of
expectations of the ART vectey, thatisy!) = E y andY, =Y—M, Y, =Y— M.

1y !

The expression “rank transform” pays tribute to the fact M‘jﬁ is related to the (mid-)ranRZ(f) of
the random variablé "’ among allV observationst'y. ..., X&, by V"’ = N1 (R{Y —1). However,
the “asymptotic rank transforms” are technically more tmbte than the “rank transforms”, due to the
simpler covariance structure ¥fas compared t¥. Note that the ART of independent random variables
are independent, but the RT are not.

We denote the ART analogs of the matridésandG; defined in (1)—(5) byi; andG;, respectively.
In order to prove asymptotic normality results for the rdodsed test statistics considered in this paper
(Sections 2.4 to 2.6), we need to first establish the asymptquivalence of certain quadratic forms
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defined in terms of{;, GG; (based on “rank transforms”) and the corresponding quiadiains defined
in terms ofH;, G; (based on “asymptotic rank transforms”). This will be donéection 2.3. Before
that, we prove the consistency (@asends to infinity) of different variance estimators that wdl use
later.

2.2 Consistent Variance Estimation

In this section, we prove that the matric6s i = 1, 2,3, as well as a linear combination éf; and
(1, generate consistent estimators of covariance matricdkeeoART. Note that the first two theorems
are proved under the stronger multivariate hypothesis redsefor Theorem 3, the weaker marginal
hypothesis is assumed.

DenoteVar(Y;;) = ¥; and assume that the following limits exist:

a—o00 (1 4 a—0o0

1 — 11 ¥
lim — =2 and lim — —X; =X,
im ; im ; .
where these limits have diagonal elememtsnds?, and off-diagonal elements,; andsy,, respectively.
Theorem 1. Under the multivariate null hypothesi$, : F; = ... = F,, asa — oo, n; bounded,
1
mGlel.

Theorem 2. Under the null hypothesis and the assumptions of Theorem 1,

1
m ((a, - 1)H1 + (N — a)Gl) & 21.
Theorem 3. Under the marginal null hypothesis, : Fl(k) =...= Fék), k=1,...,p,asa — oo, n;
bounded,
1 p d ]_ p .
FGQ%E an mG;g—)E ,
1 .o 11
where ¥ = lim =) %, Y=1lim-Y —%;, and ¥%;=Var(Yy),
a—o00 (1 4 a—0o0 (4 n;

=1 =1

assuming that the limits exist.

2.3 Asymptotic Equivalence

In the following theorems, we prepare the derivations ofgstytic distributions that will follow in the
subsequent sections by first establishing asymptotic atgnee results of certain expressions defined in
terms of rank transforms and the corresponding expressidesms of asymptotic rank transforms.

Our final goal is to derive asymptotic results for rank-batesd statistics. However, it is technically
easier to derive those results for the asymptotic rank toams that have a much simpler covariance
structure. The theorems in this section justify this applnday providing the connection between rank
transforms and asymptotic rank transforms.



Theorem 4. Under the multivariate null hypothesi$, : F; = ... = F,, asa — oo, n; bounded,

1 - .
Va (Wﬂl —Gh) — (Hy - Gl)) —0.
Theorem 5. Under the marginal null hypothesis,, : Fl(k) =...= Fa(k), k=1,...,p,asa — oo, n;
bounded,
1 - .
Theorem 6. Under the marginal null hypothesig, : F* = ... = F® k =1,...,p, asa — oo, n;
bounded,
1 . .
Va (W(H2 —G3) — (Hy — Gg)) ~.0.

In Theorems 4-6, we have shown that in order to obtain the pitio (@ — oo) distributions
of Vass(Hi — Gh), Vas(Hi — G), andy/as(Hy — G3), it is sufficient to derive the asymptotic
distribution of the corresponding expressigfa- (F; — G;). This is accomplished in the following
theorems. More specifically, the next theorems provide siyenatotic distribution of the traces of the
random matrice$H, — G1)A, (H, — G,)A, and(H, — G3) A, whereA is a fixed non—negative definite
matrix. Different choices oft will result in the different multivariate tests under cahesiation (Lawley-
Hotelling, Bartlett-Nanda-Pillai, Dempster—ANOVA-Type

2.4 Asymptotic Distribution of Tests Based onH; and G,

In this and the following sections, we derive concrete tdsi$ are based on the three pairspok p-
matrices(Hy, G1), (Hy, Gz), and(H,, G3). In each case, the asymptotic distribution is first derived i
general theorems covering a class of tests, and then thigsressuindividual multivariate tests follow in
corollaries.

Theorem 7. Let A be an arbitrary fixed non—negative definite matrix, and asstimat, asu — oo, n;
bounded,

1< 11
lim — ;,=n and lim — —=n.
Jm 22 mi=n and lm o p o=n
Then, under the multivariate null hypotheéis : F; = ... = F,, asa — oo, n; bounded,

Ja (%tr(hﬁ - Gl)A) £ N0, 7(A))
2n n(nn — 1)

(n—1)?
21 = Var(Yy) andpa(A) = E[(Yir — p11) A(Yn — pyy) >

where 7(A) =

(1a(A4) — 20 (SA)? — (115 4)?)

1 tI'(ElA)2 +
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In order to be able to apply the asymptotic result from Theorewe need to be able to consistently
estimate the variance A). This is accomplished in the following Theorem 8.

Theorem 8. Let the null hypothesis and the assumptions be as in Thegrandietr(A) be defined as
in Theorem 7. Let

27 n(nn — 1
HA) = 2 (e A)2 + M= L) (fua(A) — 2tr(G1A)* — (trG1A)?) |
n— (n—1)2
where ji4(A) = % [(Ri; — %1)%(% - %1)]2 , andG, is defined in (3).

Then, 5 7(A4)—>7(4) asa — oo, n; bounded.

The asymptotic distributions of the different multivagatonparametric tests can now be obtained
as corollaries of the previous theorems by appropriatecelsof the fixed non—negative definite matrix
A. In particular, the Dempster—ANOVA-Type statistic copesds toA = (tr¥;) '1,, while Lawley-
Hotelling’s trace and the Bartlett-Nanda-Pillai critaricorrespond tol = X .

Corollary 1. Let the null hypothesis and the assumptions be as in Theorebefiote the Dempster—
ANOVA-Type statistic bYp, = tr (H;)/tr (G1). Then,
Va(Tp—1) 5 N(0,7)
where 7 — — 2n tr(X7) + nn — 1) (pa — 2t0(33) — (tr%)?)
T am e \a -1 YT o WM ! )
Si=var(Yu), and = E[(Yiu - pyn) (Yo —p))?

Furthermore, the estimator

7= (tr(l;l)z (ﬁZiiltr(G%) + % (fra — 2t2(GY) — (trGl)Z)) ,

l = N +1 N+1 . L
where iy = — >3 [(Ry - %1)'(&7 - %1)}2 . andG, is defined in (3),
i=1 j=1

is consistent for in the sense that—-+7 asa — oo, n; bounded.

Corollary 2. Let the null hypothesis and the assumptions be as in Theordwt 7, be the rank of7;.

Denote the Lawley-Hotelling-Type statistic by, = ]%jlatr (H1G7). Then,

N —
f)TLH—Tl) iN(O,T),
a/_

2np;  n(nn—1) 9
— 9, —
-1 (ﬁ— 1)2 (,LL4 P1 pl) ’

p1 =rank(%;), £y =var(Yyr), and pg = E[(Y11 — pyy)' S0 (Yo — o))

va

where 7 =




Furthermore, ast — oo, n; bounded, the following estimataris consistent for-.

2nry n(nn —1)

~

A _ 2
T = n — 1 (ﬁ o 1)2 (lu‘4 27/'1 Tl) )
Ll RE N+1., 1 . N+1_ 2
where ji, = ¥ E E (R — Tl) (mGl) (Ry; — ——1)]", andG; is defined in (3).

i=1 j=1

Corollary 3. Let the null hypothesis and the assumptions be as in Theorebet7, be the rank of
(a—1)H, + (N —a)G,. Denote the Bartlett-Nanda-Pillai-Type statisticByyp = (a — 1)tr (H1 ((a—

1) H, + (N — a)Gl)_). Then,

AR () S0

2np;  na(an—1)
n—1 (n—1)2
p1 = rank(%;), £y =var(Yy), and pg = E[(Y11 — pyy)' S0 (Yo — o))

where 7 = (pa — 2p1 — /ﬁ) )

Notice that the expression farin Corollary 3 is the same as in Corollary 2. Hence, the esoma
defined in Corollary 2 works for the Bartlett-Nanda-Pillajipe statistic, as well.

2.5 Asymptotic Distribution of Tests Based on; and G5

In this section we prove asymptotie (~ oo) normality results for Dempster's ANOVA-Type and the
Lawley-Hotelling statistics. It is not clear how to get a giied mixture ofH; and G to obtain a
consistent and asymptotically unbiased estimatoEgf(H,). Therefore, there is no straightforward
way to define a Bartlett-Nanda-Pillai type statistic based/e andGs.

Theorem 9. Assume that the following limit exists.

a

2 n; 1
lim = (1= =2)%tr(3,A4)2 = r(A).
lin 2351 S =)
Then, under the (marginal) null hypothedi : F*' = F¥ = .. = F¥forallk = 1,...,p, as

a — oo, n; fixed and any,,, > 0 fixed,
Va - tr(Hy — Go)A 5 N(0, 75(A)).

Corollary 4. Assume that the following limit exists.

a

1 : 2 n; N9 9
()2 g Z Ty )T =,

=1
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whereX is as defined in Theorem 3. Denote the Dempster—ANOVA-Tgtstistbased on/; and G,
by T = tr (H,)/tr (Gs). Then, under the marginal null hypothesis as stated in Téred,

Ja (TS’ . 1) £ N(0, 7).

Under the multivariate null hypothesis, as stated in Theoer, simplifies to

2 @ . A
ngtr(z)limQZ li (1—&)2,

(tr X2)2 a0 @ < Ny — 1

1=

which can be consistently estimated by

2 a , A
A_tr(GQ)QZ n; (1 7;;)2

e (tr G2)2 5 P n; — 1

Corollary 5. Assume that the following limit exists.

a

2 n; n;
lim = L (1= )52 )? =
Jim 250 TP (s =,

whereX is as defined in Theorem 3. Lel(tz) be the rank ofG,. Denote the Lawley-Hotelling-Type
statistic based ort/; and G, by Tﬁfl = tr (H;G5). Then, under the marginal null hypothesis as stated
in Theorem 9,

Va (18— +2) £ N7

Under the multivariate null hypothesis, as stated in Theorer, simplifies to

a

2
7 =rank(3) lim =)

a—o0
=1

ny;

n;
(]' - N)Q )

which can be consistently estimated by

a

2
Ty = rank(Gg)a Z

ny; n;

(1_N)2'

It is clear from Theorem 5 that the asymptotic variance oftéis¢ statistics depends on the variances
and covariances of the ART. Since the columns of the ART mane independent, the results derived
based on the ART matrix can be applied directly to obtain thledistribution of the same test statistics
based on the original observations, whose columns are adlepéendent. However, the entries of the
ART matrix are uniformly bounded, whereas it will be necegsa assume existence of fourth moments
for the parent populations when basing the test statistich® original observations.

Unlike the tests based oH; and G, the asymptotic null distributions presented in Coro#lar#
and 5 do not depend on the fourth order moments of the asymptahsforms. Hence, when the
statistics based on these corollaries are applied to tigghatiobservations, the sizes of the test will be
asymptotically invariant with regard to the distributiohtbe populations from which the samples are
coming.
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2.6 Asymptotic Distribution of Tests Based onH; and G

Here, we calculate the asymptotic oo) distributions of Dempster's ANOVA-Type and the Lawley-
Hotelling statistics, based oH, andG5. As in the previous section, there is again no straightfodwa
way to define a Bartlett-Nanda-Pillai type statistic based/g andGs.

Theorem 10. Assume that the following limit exists.

2 < 1
lim — —tr(5;A)? = 13(A).
aE&aZZlnl(nl—].) r( ’ ) 7—3( )
Then, under the (marginal) null hypothedig : F¥' = F¥ = .. = F¥forallk = 1,...,p, as
a — oo, n; fixed and any4,., > 0 fixed,

Va - tr(Hy — G3)A 5 N(0, 75(A)).

Corollary 6. Assume that the following limit exists.

a

1 2 1
— lim — — (%) =73
(tr¥)2 a—oo a <= ni(n; — 1)

whereX. is as defined in Theorem 3. Denote the Dempster—ANOVA-Tafigtistbased orf, and G
byT](33) = tr (H,)/tr (G). Then, under the marginal null hypothesis as stated in TéradtO,

Ja (T§> . 1) £ N0, ).
Under the multivariate null hypothesis, as stated in Theofer; simplifies to

try? | 2 <& 1
T3 = S m —

(tr 2)2 a—oo (1 — nz(nz o 1) )

which can be consistently estimated by

L UG 2 1
B G3)2EZ ni(n; —1)

1=

Corollary 7. Assume that the following limit exists.
2 & 1 y
lim — — (X )? =
aLngo a ; nz(nz - 1) r< ) 73

whereY. is as defined in Theorem 3. Lef) be the rank ofG;. Denote the Lawley-Hotelling-Type
statistic based otH{, and G5 by Tf}} = tr (H2G5 ). Then, under the marginal null hypothesis as stated
in Theorem 10,

Va (T =) £ N, 7).
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Under the multivariate null hypothesis, as stated in Theorers simplifies to

a

. 2 1
—tr (S P lim 2y —
75 =1r (S57) aggoa;ni(m_l) ,

which can be consistently estimated by

a

2 1
A —\24
Tg—tr (G2G3> azzlinz(nz—l) .

The asymptotic distributions of tests based Bnand G5 also do not depend on the fourth order
moments of the asymptotic transforms. Therefore, as in teeiqus section, the corresponding proce-
dures applied to the original observations will be asymeadly invariant with regard to the population
distributions.

3 SIMULATION STUDY

We investigated the finite sample performance of the praposmparametric procedures as well as
its parametric counterparts through computer simulatimiisg SAS IML (SAS 9.1). Power functions
were plotted with R [25]. For the simulations, we assumed &way layout, and we considered the
following nonparametric (rank-based) multivariate teBtesmpster—ANOVA type and Lawley-Hotelling
type statistic based off, G:1), (H1, G2), and(H,, G5), and Bartlett-Nanda-Pillai type statistic based
on (Hy,G1). As parametric competitors, we used the correspondingstitat based on the original
observations. Note that the parametric tests basédipn=,) and(H, G3) are newly introduced in this
manuscript.

The number of simulations was always 10,000. Sample sizegrpep were chosen in the following
ways. (1) Half of the samples were of sizg = 4, the other half had; = 6. (2) Half of the samples
were of sizen; = 4, the other half had; = 8. (3) Ten percent of the samples were of size= 4, the
remaining 90 percent were of size = 6 or (4)n; = 8. We only report the results from setting (1) in
the tables below, because the other simulations had veilasioutcomes.

First, we simulated the actuatlevel of all seven test statistics in a one-way layout urtdernull
hypothesis that the multivariate distributions are the es&on each factor level. We set the number of
factor levels taz = 10, 20, 50, 100, and200, while the number of replications per factor level followed
one of the patterns described above, and the number of {esialasp = 2 (Table 1) ang = 4 (Table
2).

We have used different underlying population distribusionamely multivariate normal with pos-
itive, negative, and zero correlation between the varglds well as with and without contamination
through 10% outliers (coming from a N(10,1) distributioayd multivariate distributions based on Stu-
dent’st with different degrees of freedom and different correlatid he results for some selected con-
figurations are summarized in Tables 1 and 2 below.
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Next, we have investigated the power of the proposed testsrdacation alternatives. We are con-
ducting the power comparison based on a fairly small value. oVe selected those four tests whose
simulateda-levels were in general closest to the nominal 5%. Thesehr®empster—ANOVA type
statistic based oH,, G;) and (H,, G3), as well as Lawley-Hotelling and Bartlett-Nanda-Pillapéy
statistics based off{,, G;). However, for large:, the other tests will arguably have comparable powers.
For half of the factor levels, the mean is shiftedbyherez € [0, 2] for each variable. In general,
alternatives for power simulations can be chosen in manywaye of the intentions of the simulation
study is to compare the nonparametric tests to each otheslaodo their parametric competitors. The
parametric tests are naturally defined in the framework afcation model. Therefore, we have also
chosen a location model for this simulation. For the poweugations, we have set the number of vari-
ables top = 2. The number of factor levels is = 20, and the number of replications per factor level is
as described in setting (1) above. Plots of different siteal@ower functions are given in Figures 1 and
2.

The a-level simulations in Tables 1 and 2 suggest that the Lawetelling type statistics based on
(Hy,G9) and(H,, G3) should not be recommended unleds very large since they are by far exceeding
the nominakv. All tests are slightly liberal for small to moderate Most of the tests based @Q#/,, G)
are within two percentage points from the nominabf 5% when the number of levels is = 20 or
larger, and within one percentage point whern= 50. The best convergence results are achieved by
the Bartlett-Nanda-Pillai statistic. In general, contaation or correlation do not seem to affect the
simulatedn-levels. Forp = 4, convergence to the nominalis usually faster than fgr = 2.

As expected, nonparametric and parametric tests perforyrsimailarly under null hypothesis. Under
a simulated location alternative, they also perform sirhyilwhen the normal model assumptions are met.
Figure 1 intends to demonstrate the dramatic power difteeetween parametric and nonparametric
tests when the data contains about 10% outliers or is from i@ reavy-tailed distribution such as
Student’st with df = 3. From this figure, it can also be seen that in general the teatsexceed the
nominala-level by the farthest are also the ones that keep the higlogstr in general. That is, higher
power is in general achieved through a higher type | err@. rat

Generally, the nonparametric tests based@n G, ) are recommended when the simulated type of
alternative is suspected. The Dempster—ANOVA type statistsed or{ H,, G3) has only slightly lower
power than the one based 0H;, GG;), but it has the practical advantage that it can easily beutzkd
using SAS standard procedures (see the data example below).

In case of positive correlation between the variables, taepster—ANOVA type statistic has higher
power than the other two types, whereas for negatively taige variables, the Lawley-Hotelling and
Bartlett-Nanda-Pillai statistics achieve higher simetbpower. This is shown in Figure 2. In Figure 1,
the variables are not correlated, and the Dempster—ANOY#& statistic fares best among those tests
that also keep the nominal level well.
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Number of Variablep = 2

Underlying Distribution Test Statistic a =10 a =20 a=50 a=100 a=200
ANOVA type (H1,Gy) 7.9 (7.8) 72(72) 6.4(6.4) 6.2(6.4) 55(5.7)
multivariate normal ANOVA typd H;,G2) 9.6 (10.1) 8.3(85) 6.5(6.6) 6.4(6.5 5.7(5.8)
with correlation=0 ANOVA typg Hy,G3)  8.1(8.1) 73(7.2) 6.2(6.2) 6.1(6.2) 5.8(5.8)
LH type (H1,G1) 6.8 (6.5) 6.3(6.3) 6.0(58) 5.6(59) 5.3(5.3
LH type (H1, G2) 14.1(13.9) 11.0(10.8) 7.8(7.7) 7.1(7.1) 6.1(6.2
LH type (Hs, G3) 12.3(11.9) 99(95) 7.6(7.3) 6.8(7.0) 6.2(6.2)
BNP type(H1,G1) 6.2 (5.8) 6.0(5.9) 56(5.5 54(5.8) 52(5.2
ANOVA type (H1,G1) 8.9 (7.6) 73(72) 7.2(6.8) 6.4(6.1) 5.5(5.6)
multivariate normal ANOVA type H1,G,) 10.3(9.1) 81(8.2) 7.1(7.2) 6.5(6.3) 5.6(5.8)
with correlation = 0.5 ANOVAtypd Hy,G3)  8.5(7.3) 74(72) 6.7(6.8) 6.4(6.3) 6.0(5.7)
and 10% outliers LH typéH,, G4) 7.2 (6.4) 6.0(6.5) 6.2(6.2) 5.8(.6) 5.2(5.3)
LH type (H1, G2) 15.0 (12.0) 10.3(10.5) 7.9(8.6) 7.4(6.9) 6.0(6.4)
LH type (H2, G3) 129(9.7) 940920 7.6(8.2 6.9(6.8) 6.2(6.2
BNP type(H1,G1) 6.5 (5.7) 57(5.9 6.0(59) 56(5.4) 51(5.1)
ANOVA type (H1,G;) 8.3(7.3) 7.8(7.0) 6.4(6.5) 6.1(6.1) 5.9(5.8)
multivariate normal ANOVA type H1,G,) 10.5(9.0) 8.3(85) 6.9(7.1) 6.4(6.4) 6.1(6.2)
with correlation =-0.5 ANOVAtype Hy,G3) 8.7 (7.2) 75(74) 6.6(6.6) 6.0(6.4) 6.1(6.2)
and 10% outliers LH typéH,, G4) 6.8 (6.1) 6.8(6.4) 56(5.9) 58(59) 55(.5
LH type (Hq, G2) 14.4 (12.4) 10.5(10.9) 7.7(8.3) 7.3(7.1) 6.2(6.7)
LH type (H2, G3) 125(10.2) 9.8(9.7) 7.4(79) 7.1(7.0) 6.2(6.8)
BNP type(H1,Gq) 6.3 (5.3) 6.3(5.8) 5.4(55) 56(56) 5.4(5.4)

Table 1: Simulateda-levels [in percent] for the proposed nonparametric maitate tests (in parentheses: their
respective parametric counterparts) of the Dempster-ANQ@@wley-Hotelling, and Bartlett-Nanda-Pillai type.
Nominal «v is 5%. Number of simulations is 10,000 (standard error 0.BB)mber of variables ip = 2. Varying
numbers of factor levels between= 10 anda = 200. In each case, half of the samples are of size- 4, the

other half is of sizen; = 6.
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Number of Variablep = 4

Underlying Distribution Test Statistic a=10 a =20 a =50 a=100 a =200
ANOVA type (Hy,G;) 7.0 (6.7) 6.9 (6.6) 57(5.9) 55(5.7) 5.3(5.5)
multivariate normal ANOVA type H,,G3) 9.0 (8.6) 7.8 (7.4) 6.1(6.3) 5.6(6.0) 55(5.7)
with correlation=0 ANOVA typg Ho,G3) 7.1 (6.7) 6.9 (6.5) 5.8(6.0) 5.7(5.6) 55(5.4)
LH type (H1,G1) 10.2(9.8) 8.6(8.3) 6.3(6.8) 5.8(6.0) 5.6(5.7)
LH type (H1, G2) 22.9(22.7) 15.5(15.2) 10.4(10.4) 7.7(8.2) 7.0(7.1)
LH type (H,G3)  20.9(20.5) 14.8 (14.4) 10.3(10.3) 7.9(8.1) 7.1(7.2)
BNP type(H,Gq) 5.7 (5.5) 5.9 (5.8) 49(.4) 51(5.1) 51(5.2
ANOVA type (Hy,Gy) 7.9 (6.7) 6.7 (6.5) 6.3(5.6) 5.9(.7) 55(5.5)
multivariate normal ANOVAtype H,,Gy) 9.7 (8.4) 7.8 (7.5) 6.7(6.4) 6.1(6.1) 5.7(5.6)
with correlation = 0.5 ANOVAtypd Hy,G3) 7.7 (6.7) 7.1(6.5) 6.3(6.0) 6.0(5.8) 5.7(5.7)
and 10% outliers LH typéH,, G4) 10.5(9.3) 7.9 (8.1) 6.3(6.4) 5.7(6.2) 5.7(5.8)
LH type (H1, G2) 23.0(20.8) 15.1(14.7) 9.8(10.3) 7.8(8.3) 7.2(7.3)
LH type (Hy,G3)  20.6 (17.6) 14.2(13.7) 9.6(9.9) 7.7(8.2) 7.4(7.6)
BNP type(H1,Gq) 5.7 (4.7) 5.4 (5.3) 5.0(5.0)0 5.0(5.2) 5.2(5.3)
ANOVA type (Hy,Gy) 7.2(7.1) 6.8 (6.6) 5.7(5.8) 55(5.6) 57(5.7)
multivariate normal ANOVAtype H,,G3) 9.2 (9.0) 7.7 (7.5) 6.3(6.2) 5.6(5.5) 6.0(5.8)
with correlation =-0.3  ANOVA type Hy,G3) 7.4 (7.5) 6.8 (6.6) 59(5.8) 53(5.4) 59(5.7)
LH type (Hy, Gy) 9.8(9.7) 84(79) 65(6.2) 6.1(6.0) 57(5.7)
LH type (H1, G2) 22.6 (22.8) 15.7(15.1) 9.8(9.8) 8.1(8.1) 7.2(7.1)
LH type (H,G3)  20.7 (20.5) 14.8(14.4) 10.0(9.8) 8.2(8.1) 7.2(7.1)
BNP type(H1,Gq) 5.1 (5.3) 5.6 (5.6) 5.0(6.0)0 5.2(5.3) 5.1(5.0)

Table 2: Simulateda-levels [in percent] for the proposed nonparametric maitate tests (in parentheses: their
respective parametric counterparts). Nomindk 5%. Number of simulations is 10,000 (standard error 0.43)
Number of variables ip = 4. Varying numbers of factor levels between= 10 anda = 200. In each case, half

of the samples are of size = 4, the other half is of size; = 6.
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Underlying Multivariate Normal Distribution (Correlation=0) with 10% Outliers Simulated Power Functions, Nonparametric versus Parametric Multivariate Tests

Simulated Power Functions, Nonparametric versus Parametric Multivariate Tests Underlying Multivariate Distribution based on t3 (Correlation=0)
o o
- 7 - 7
— nonparametric (rank-based) — nonparametric (rank-based)
- based on original observations - based on original observations
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Figure 1:Simulated power of proposed nonparametric (on top) angspanding parametric versions of four of
the multivariate tests under investigatian= 20 levels,p = 2 variables. Half of the samples are of size= 4,
the other half is of size; = 6. Underlying distribution is bivariate normal with corrétan=0, and 10% outliers
(left) or bivariate Student's with df = 3, correlation=0, and no outliers (right). The letters “AL";and “B”
denote ANOVA-Type, Lawley-Hotelling, and Bartlett-NanBélai, respectively, all based dif, G1).
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Simulated Power Functions, Nonparametric Multivariate Tests
Underlying Multivariate Normal Distribution (Correlation=0.5) with 10% Outliers

Simulated Power Functions, Nonparametric Multivariate Tests

Underlying Multivariate Normal Distribution (Correlation=-0.5) with 10% Outliers
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Simulated Power Functions, Nonparametric Multivariate Tests
Underlying Multivariate Distribution based on t3 (positive correlation)
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Simulated Power Functions, Nonparametric Multivariate Tests
Underlying Multivariate Distribution based on t3 (negative correlation)
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Figure 2: Simulated power of three nonparametric versions of theivawiate tests under investigation.= 20
levels,p = 2 variables. Half of the samples are of size = 4, the other half is of size,;, = 6. First row:
Underlying distribution is bivariate normal with positicerrelation (0.5, left) and negative correlation (-0.§ht),
and 10% outliers. Second row: Underlying bivariate distiitm is based on Studentwith df = 3, positive (left)
and negative correlation (right), and no outliers.
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4 APPLICATION

We applied the methods derived in the present manuscripptara pathology data set. Chatfield et al.
[4] evaluateda = 63 varieties of crabapples for disease resistance againkt apgb ap = 4 times
during the growing season, withy = 3 to 5 replicates of each variety. Apple scab is a major fungal
disease problem that can severely affect marketabilityralbapples. The best method for control is
through the use of resistant crabapple selections [4]. @tieegyoals in the described trial is to find out
whether the 63 varieties differ significantly with regardheir disease resistance. The response variable
is ordinal, each crabapple tree was rated on a scale fromtadiee. Therefore, parametric normal
theory techniques are not appropriate for the analysisisftyipe of data, and nonparametric methods
should be used.

We tested the multivariate null hypothesis that there isifierénce in disease resistance between the
63 varieties. According to the simulation results repoitethe last section, the nonparametric version
of the Dempster—ANOVA type test is recommended for this typ@ata since we would expect positive
correlation between the measurements at different timetg.oil his was confirmed by a simulation of
a-level and power for a design imitating the crabapple expent as closely as possible (simulating
high correlation of 0.9 between the variables, and disrggithe response to a six-point ordinal scale).
However, it actually turns out that for this data set, eactihefparametric and nonparametric versions of
the multivariate tests under consideration led to the samelasion of high significance (< 0.0001).
That is, the different varieties of crabapples show sigaifity different disease resistance. As a result,
it is indeed possible to reduce the impact of apple scab girthe choice of more resistant varieties.

We have performed the analysis using code written in SAS IN8t tve can email on request. It is
possible to roughly approximate some of the test statidgciwed in this manuscript using SAS standard
procedures, though. For example, the teffpg in Corollary 2 as well agzyp in Corollary 3 can be
obtained using theanova option inPr oc 3 m after individually ranking each of the variables. After
Proc Rank outputs the ranks of the four scores into the variablésr 4, the appropriate SAS code
for this data set is then:
proc gl mdata=a; class variety; nodel rl-r4=variety;
manova h=variety; run;

The termsl,y andTgyp appear in the SAS output as “Hotelling-Lawley Trace” andl&dPs Trace”,
respectively. As Dr. Larry Madden pointed out to us, the té?ﬁi in Corollary 6 can also be repro-
duced, usindg’r oc M xed along with theanovaf option on the ranked data. To this end, the separate
ranks of all four variables have to be stacked into one new vanable (here calledr ), and two more
variables representing “time” and individual “subjectieao be created. Then, the effect of variety is
tested as a simple factor effect of “varidigne”, using the following code:

proc m xed data=a2 anovaf net hod=m vqueO;

class tine variety subject;

nodel rr = tinme timexvariety / chisqg noint;

repeated / group=variety sub=subject type=un; run;
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However, calculation of the standardized test statisties tan be compared to quantiles from a stan-
dard normal distribution still involves some programminiyhen the design is not too far from being
balanced, a rough approximation is possible by substdutie asymptotic variance in Corollaries 2
and 3 by2nr, /(n — 1).

A Some Useful Results

In this section, we restate some results from Bathke andar {8t (wherein the proof can be found).
These results are used in the present manuscript. Theydteitietermining asymptotic equivalence
of rank transforms and asymptotic rank transforms, as vgetladculating the variance of the limiting
distribution..

Theorem A.1. Let X = (Xy,...,Xy) be a matrix that consists of independent random vectors
X; = (X, ..., Xx®Y with multivariate distributionX; ~ F;,i = 1,...,N. LetY andY be the

corresponding matrices of same dimension whose compoaentke asymptotic rank transforms and
rank transforms defined in Section 2. LetQ(c;,)1<i<n:1<k<n D€ @ Symmetric matrix, and let

N N
o =22 leal
i=1 k=1

N N N

Se =Y 3 lewcw| + Y (lcucw] + ) -

i=1 k=1 k'=1 itk

Furthermore, letl’y = YMCY; andVy = Y,CY}, be two(p x p)-matrices of quadratic forms generated
by the matrix C.
Then,

Ty — Vy = Op(3%/N?) + Op(Sc/N) .
Corollary A.1. Suppose C is such that all its entries are nonnegative. Then,
Yo = 1,Cly.
If in addition all the diagonal entries of C are equal, then
S = 1,C21y + (1 — %)(trC)Q + trC2.

Lemma A.1. Suppos& = (Y1, ...,Y,) isap x n random matrix whose columisg;,;i = 1, ... n,
are independently distributed with me@rand covariance;. Let A = (a;;) and B = (b;;) ben x n
symmetric matrices. Then,

Cov (vec(YAY'), vec(YBY')) = Y > " ayby(L2 + K,,) (5 © )

i=1 j=1

+ Z a;ibii K4 (Y )
i=1
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whereK,(Y;) = E(vec(Y;Y)vec(Y;Y})) — (Ip + K, ) (5 @ 5;) — vee(S;)vec(;)'.

B Proofs

Proof of Theorem 1 Note that under the null hypothesis; = ¥, i = 1,...,a. DefineC =
LG, = YCY'. Theorem A.1 and Corollary A.1 in Appendix A yieMCY' —

’N2

YCY’ = (ZQC/NQ)JrO (Sc/N)whereXe = 1yC.1y andSe = 15yC2y+(1 — £) (tr C,)*+tr C2.

Here,C, = +— @ <;Jni +(1— ;)%) is the matrix whose elements are the absolute values of the
i=1 " ‘

elements ofC. It immediately follows that: = 2 and Sz = O(1). Therefore \?(J\?/ — Y(JY’
(

Op(é)LO asa — oo. Now, consider an arbitrary diagonal elemen¥afY’, 57 =
i=1j=

vy = izzl(ni — 1)6%, where E5?,) = o7 and VaKs?,) < M sinceYEf) is a bounded random

variable. Thus, it follows that? converges almost surely tg. In the same manner, the off-diagonal
elementss,; converge almost surely tg,;, which finishes the proof. O

Proof of Theorem 2 Notice that under the null hypothegis; = . Then, observe that

1
m((a — 1) H; + (N = a)Gy)
- ﬁz | (Yo =) (Yy — ) = m(\? — (Y. — p)’

It can be verified that

S = g =0, S = i+ (1-2) (5 1)Z i = 00

N2 N 2 1\’ 1
o= o =00 Se= i (1) (357) re 0w

asN — oo. Therefore, by Theorem A.X,,C1 Y|, — Y ,,C1Y!, = 0,(1) and¥ ,CoY', — Y ,.CoY', = 0,(1).
Moreover, (9) implies tha¥ ,C5Y’, = 0,(1). Thus,

1
N2(N — 1)

((a=1)H; 4+ (N —a)G1) = Y,C1Y), = 0y(1).
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Now,
a n;

1
Y.CiY, = N-1 (Yis =) (Yij =) = EYn =) (Y —p) =%

i=1 j=1

by the SLLN. O

Proof of Theorem 3 We prove the result fof7,. The proof forG; follows along the same lines.

DefineC = - @( %) P, Then, 3G, = YCY'. Using the techniques applied in the

a—1 1 N2

proof of Theorem 1, we obtai¥ MOY' — YOY'-250 asa — oo. Furthermore, the diagonal elements
of YC'Y’ are of the formp? = —L- 3°(1 — )52, wheres?, = = Z(Y(k v")2 and under the
=1

marginal hypothesis, @7,;,) = o7 and Vals;,) < M. Therefore, for bounded;, 57 = £ > 67, +

i=1

0,(1)-2=c7. However, note that for the off-diagonal elemeats = % (1 — )0, under the

o

marginal hypothesis, the expectatiotvl.;) = oy Still depends on, therefore&kl = %Z O +

Op(l)—> lim 1 Zz 1 Okl:i = Okl- O

a—00

Proof of Theorem 4

(= G = SISV V(Y =Y o SO (Y - V(Y - Y

i=1 j=1 i=1 j=1

1 ~ 1 1 1
—J, ——Jy | — P,
a—l(@ni " N N) N—-a ™

=1

~

= Tu

=V, (CL + Cy + Cy)Y,

- N -1 1
where ¢ = P <(N—a)(a— T~ N{a = 1)) (i — 1)

i=1

Cyp=-— N(a—l <JN @Jm>,

- N-1 1 1
a”do?’:@(w—a)(a—mm_N(a_m_N_a)]”i‘

=1

For C; and C;, we can apply Theorem A.1 and Corollary A.1 stated in the agpeto show that
Va(Y, G = Y,0Y )50 asa — oo, i = 1,2,
~ ~ ! . . . .
In order to prove tha{/_(YM(JgYM — YM03YL)L>O asa — oo, consider first an arbitrary diagonal

eIement\/_Z Z w; (( i 2 — (Yig.k))2> wherew; = ((Nfé\)[@inni — N(a{l) — lea)' We simplify

i=1j=
notation by coIIapsrng the two indicés j) into one index = 1, ..., N and by defining

(XM, X1, X1) = (e(x® = xPe(x® = xM) = HO(xP)2) |

i J i
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as well as

(X X X)) = o(x ), xP, x ) —Elp(x®, XV, X)X P -Els(x®, XV, x ) x M,

L J J J

and we obtain

\/azwi(ffiz \/_Zw@]\lzzzz¢ x®)

7j=1 k=1

(i,5,)) €A

Here, A denotes the set of index triplés j, ) consisting of three distinct numbers. The summation over
the set of index triples where at least two of the three irglare equal is a term of ordes(1) because
N

w; = O(1/a) and the expression in parentheses is bounded. Also, ndt® tha = 0, so that the sum
i=1
of the conditional expectations is equal to zero, as well.

The conditional expectation @(ka), X Xf“)\Xé“) equals zero for every = 1,..., N. There-
fore,

- (ﬁzww —Yf>)

a k k k k k k
- m Z Z wilwi?E( (Xz(l)’Xj(l)’X( ))¢(XZ(2)’X;2)’X( ))> +Op(1) - Op(l) )
(i1,§1,01)EA (i2,j2,l2)EA

because if the number of different indices ameng, (1, i2, jo, I2 iS either six or five, the expectation
will be equal to zero, and thus the first term only contributgd) asa — oc.

In a similar way, it can be shown for an arbitrary off-diagbel@ament(%, £') that

To this end, choose

(XM, X1, X0 XM = (e(x = X)e(x ™) = X[ = HOx ) HE (X)) |

as well as
X XX = o XG0, X, X — Bl XY, X X))
E[gb(X(k) X( ) X(k’) Xl(k/))|Xl(k/)]'

7
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Proof of Theorem 5

%(Hl—c:z):ailz[ij&i.—?.)&—?.)'—(1—%) > (V= V(Y - Vi)

’ , n; —1
i=1 Lj=1 =
- 1 N1 1 n 1 .
_y o= = (1= %) | Y
”(a—lizllz i NN N/ n;—1 1}) K
~ ~ !
— Y/J,(Cl + Cz)YP«
1 n 1
where C; = (1——Z) I, — I,
! a_12‘:1 N ni—l( ' 2

1 a

Applying Theorem A.1 and Corollary A.1, it follows thgta(Y ,C;Y', — Y, C;Y',)-2~0 asa — oo, i =

1,2. 0

Proof of Theorem 6

1 R
m(}b - G3) = Yu

=V,.(C + )Y,
1 A4 1
h D —(J, -1,
where C; a@ni(ni_ 1)(Jm )
and =L (@11, )01 (P Ly
7 ala—1) ~n; " “e g '

Application of Theorem A.1 and Corollary A.1 yields tha(ﬁ(\?u(}i\?; ~Y,CY! ) -0asa — oo, i =

1,2. 0

Proof of Theorem 7 By Theorem 4, it suffices to find the asymptotic distributidnu(H, — G1).
Now,

H, = a_l;‘ni(Yz ~Y )Y =Y.
ié - nz(vZ —Y..)<Yz -Y )
:% ‘ ni (Yo =) (Yi —p) = —(Y_ = p)(Y. —p)
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Similarly,

~ 1 a n;
Gr= 220 (Yo = Yi)(Yy = Vi)'
i=1 j=1

a n

N - =D 2 (Y= = (Vi =Y — ) = (Vi — )

i=1 j=1

Then,

i=1 j=1
- =Y. Y. -
1 - ! 1 ! !
= a (Yi—ply) ‘Jni(Yz ply)
i=1 v

=1

1 1

- %(Y ply) N (Y — ply)

:ii(v pr ) (L L p ) Yi—pry

va i=1 Z RN (Mo — 1) " ' "
1 1

— %Y,LNJNY;

Denote
1 1

It can easily be shown that
E(Q) =a"'?%, = o(1).
Moreover, by using Lemma A.1, we get

1 1
var = (1, K 21 21 —K4 Yil
(@)= U + ) ©30) + =Ko (Vi)

where

K4(}/11) = E[VeC(Yllyrlll)VeC(YHY'l/l)/] — ([p2 + Km,)(Zl X 21) — VeC(Zl)VeC(El)/.
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Thereforevar(Q) = o(1). This together with (9) implie® % 0. Consequently,

Va - te(Hy — Gh)A = % iiltr <(YZ~ ) (niJn _ ﬁf%) (Y — p,1;%)'A)

1 a
:%;Zi

where

1 1

Mg — 1

It may be noted that,

and
1 s var(Z;) = liVec(A')’VM(VV-)Vec(A’) (11)
a =1 Z a =1 Z
where
W= (Y, —p1l) (L L p )Yty
7 7 n . n; (ﬁa _ 1) n; 7 n

But, applying Lemma A.1,

var(W;) = <1+H)(12+KM)(21®2) ;(

ﬁa_ni

) Ky(Y11) (12)

Ng —
whereK, (Y1) is as defined in (10). Substituting (12) in (11) and making ssimplifications,

— Zvar (1 + = 1_ 1) tr(514)% + % (1a(A) = 2tr(21A)% — (r2,A)%)  (13)

a

wheren, = (1/a) ¢, (1/n;). From (13) it follows thatim,_...(1/a) Y _;_, var(Z;) = 7. Finally, since
> oo, var(Z;) = oo andZ; is a bounded random variable, the Lindeberg condition holds O

Proof of Theorem 8 Let A = (a;;) anday = max; ; |a;;|. The consistency ofz G, for X, is proved in

Theorem 1 above. Thus, we need to prove that,(A)——/(A). Note thatijiy = + Zl Z[(
i=1j=

11y A(Y;; — 11))2. For the corresponding expression defined in terms of the, ARThave

~N Z Z I’l’z_] A(Yy — Hz’j)]zﬂ)E[(Yll — ) A 11— p)]

zl]l
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due to the strong law of large numbers. Therefore, the prabbe/finished by showing that

N Z Z YZJ HAYU H ( i, uAYZJ M) } L)O )

11]1

~

whereY,;,, = Y,;; — 31andY,;, = Y;; — p,;. Indeed,

@ 2 1 a NG )
LSS Wt tvo]) S (b i)
i=1 j=1 i=1 j=1
1 a n; Ny X 2, A )
-N Z Z E (Yij,uAYiJ'aM i AY i u) ( i AY i+ Y, AY i u)
i=1 j=1
_ LSSTE(Y A, AV ) (S8 ay(FEP0 4y o
_NZZ 1,0 g Zj/L 1,0 Z ag ( m Z]/i+ o ZJM)
=1 =1 k=1 1=1
4p4a3 S ~ ) ~ 2
= N Z Z E (YijyliAYij7M ij, MAYZ_] u)
i=1 jfl
4]7 Clo - 4 2 (k) (1) (K1) \2
St Y3 BN - v

11]1 k=1 [=1

_ 4 ao ) (9 0 O gk _ By
>33 Y <myw Vi) + YT - YD)

i=1 j=1 k=1 I=1
p P a mn; p P

8p g 0] 1) \2 ) (k) (k)\2
[ZZZZ E Z]M }/Z]M }/ij,u) + Z E(}/Z] u) (Y;j,u - }/Z] u)

i=1 j=1 k=1 [=1 i=1 j=1 k=1 [=1

— 0.

Proof of Corollary 1

B (1/N)te(Hy — G\ .~ 1 1
Va(Tp —1) = va < N u(C) ) = Vaggtr(Hi - Gl)trzl'

ChoosingA = (1/tr¥;)1, in Theorem 7, we get the first result. The consistencyef/; for ¥, is
proved in Theorem 1. The rest follows by choosig= 1, in Theorem 8. O

Proof of Corollary 2
N —a _ _
Va (( VT - ) — Vi ((HLGY) — tr (GiGy))

a—1
1
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= \/_—tr(Hl G1)>X7

The last line follows from the fact thdl /N?)G, -3, (Theorem 1) and the continuity of the Moore-
Penrose inverse. Now, setting= >, and applying Theorem 7, we get the first result.

Regarding the consistency, note that,

1 1 B
r = tr <mG1 (mGl) ) i tr(ZlZf) = pP1-

Then, the result follows by choosing = 37 in Theorem 8 and observing,

%Zzlv (NLG)Y] LSS LY = o)

i=1 j=1

becausél/N?)G; = X; + 0,(1) asa — oc. O
Proof of Corollary 3

AL () o) - S ()

1 1 B
= ((a=DH + (N = a)Gh) (N_l((a—l)H1+(N—a)G1)) )

—tr

From Theorem 2 and continuity of the Moore-Penrose inveesget,

N? (Nl_ (- 1)H1+(N—a)G1)) L (14)

Simplifying and using (14) yield

Va (]]\\; — 611) ((];[__11) Tpnp — rz) = J&tr%(Hl — G2y .

Proof of Theorem 9 By Theorem 5, it suffices to derive the asymptotic distribatof \/a - tr(H, —
Ga)A.

Va(Hy — Gy) = va(Y — ply)Ci(Y — plly) = Va(Y — plly)Co(Y — plly)’

where(C; and(C, are as defined in the proof of Theorem 5. Denote

Q= Va(Y — plly)Co(Y — ply).
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Now,

a n, a

= \/EZ Z Z CQ:ij:klE ((sz - M)(sz - M)/)
i=1 k=1 j=1 I=1

wherec,.;;.; is the(k, [)th entry of the(z, 7)th block of C;. Notice thaics,;;., = 0fori =1,...,a. Also
that £ (Y, — p)(Yj — p)) = 0 fori # j. ThereforeE(Q)) = 0. Applying Lemma A.1 and noting
thatcy.;.y =0fori =1,...,a, we see that

a a a a

var(Q)) = a Z Z Z Z Cg:ij:kl(IpQ + Kpp) (5 © X))

i=1 j=1 k=1 I=1

a
m(lp2 + Ky p) Z ning (X ® ¥j)
oy

zagjﬂ@+wa§]%&wm%&v

i#]

— 0(1)_

a

The last line follows because the entriesygf are uniformly bounded which implies that

(Z(%En ® <%2j>> = 0(1).

i#]

Therefore) 2 0. Let us next find the distribution qf/a - tr(Y — u1/,)C1(Y — pully) = Va-trY,CiY,.

Va-tr(Y — pl)Ci(Y — pl'y)

—1

where

N
@:tvﬁ-r,@—@) J. — L)Y, — pl’ YA
r( l’l' ’I’Ll) N nz_l( 7 z)( l’l' TLZ>

Since the diagonal entries df,, — I,,, are zeros and’;’s are independent, it follows thd(Z;) = 0.
Moreover,

1 - / /!
aizlvar(Z ) = vec(A") < Zvar )Vec A’

where

; 1
Wi= (Y= 1)) (1= 5) ——= (o, = L)(Yi — 1],

Applying Lemma A.1, we get

Tn; T; 2
vmwgzn_lﬁ—ﬁ)wwugmx®x)
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Thus,

¢ I~ %
algglo E ;Var(zi) = algglo a ; nin_ . <1 — %) VeC(A’)/(IPQ + vap)(Ei X El‘)VeC(A/)
2 — n; n;\ 2
= lim = : (1——Z>t2iA2
4o a ZZI n; — 1 N x )
= TQ(A).
Since theZ; are bounded random variables, the theorem is proved. a

Proof of Corollary 4
2 —
(1/N?)tr(H, Gg)) - \/aitr(ﬁh — Gg)L

T(Q) —1) = .

Vallp' =1) = va < (1/N2)tr(Gy) N2 try

ChoosingA = (1/tr¥)1, in Theorem 9, we get the desired first result. Simplificatind aonsistency
under the multivariate hypothesis are straightforward. O

Proof of Corollary 5
Va (1) =) = Va (a(HiGy) - 1 (G2Gy)

—Ja-tr (%(Hr1 _ GQ)N%;Q)

1
= \/amtr(Hl - Gz)zi

Now, setting4d = X~ and applying Theorem 9, we get the desired result. a

Proof of Theorem 10 Here also it suffices to obtain the asymptotic distributibR/@ - tr(Hs — G3) A.
Va(Hy — G3) = Va(Y — plly)Ci(Y — plly) + Va(Y — plly)Co(Y — plly)

whereC; and(C; are as defined in the proof of Theorem 6. Letting
Q = Va(Y — plly)Co(Y — ply)

we can show as in Theorems 4 and 5 thaf> 0. Hence,
Va - tr(Hy — G3)A = Va(Y — ply)Ci(Y — plly) A

I 1
= — t Y, —pl ) ——(J, — L)Y, — pul. VA
Ja o (0w (o= T)(Ys = L, )

1 a
- Z 7
vas
where
1
Zi=tr [ (Y; —pll )——(Jp, — L)) (Y; — ul] YA .
(O ) O - 1Y - A
Moreover,E(Z;) = 0 andlim,_..(1/a) Y i, var(Z;) = m3(A). O
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Proof of Corollary 6

3) _ 1y _ (I/N*)tr(Hy —Gs)\ . o~ 1 _ !
VT~ = va (W™ + Vgt —6)
Choosing4 = (1/tr%)1, in Theorem 10, we get the desired result. O

Proof of Corollary 7
Ja (Tf;} - r§3>) = Va (tr(HyG3) — tr (G5Gy))
1
= \/a - tr (W(Hz — Gg)NzGB)

Now, settingd = ¥~ and applying Theorem 10, we get the desired result. a
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