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ABSTRACT. We describe obstructions to a direct-limit preserving right-exact
functor between categories of quasi-coherent sheaves on schemes being isomor-
phic to tensoring with a bimodule. When the domain scheme is affine, all

obstructions vanish and we recover Watts Theorem. We use our description of

these obstructions to prove that if a direct-limit preserving right-exact func-
tor F' from a smooth curve is exact on vector bundles, then it is isomorphic
to tensoring with a bimodule. This result is used in [2] to prove that the
noncommutative Hirzebruch surfaces constructed in [4] are noncommutative
P-bundles in the sense of [7]. We conclude by giving necessary and sufficient
conditions under which a direct-limit and coherence preserving right-exact
functor from P! to PO is an extension of tensoring with a bimodule by a sum
of cohomologies.
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2 A. NYMAN AND S. P. SMITH

1. INTRODUCTION

In this paper we describe a version of Watts Theorem for schemes. In order to
motivate our results we first recall Watts Theorem:

Theorem 1.1. Let T be a commutative ring, let R and S be T-algebras and suppose
F : ModR — ModS is a T-linear right-exact functor commuting with direct-limits.
Then there exists a T-central R — S-bimodule M such that F = — @z M.

The bimodule M in the previous theorem is easy to describe. M = F(R) as a
right-module, and its left-module structure is defined as follows: for each r € R,
we let ¢, € Hompg(R, R) denote right multiplication by r. For m € M, we define
r-m:= F(¢,.)m.

It is natural to ask if such a result holds when the categories ModR and ModS
are replaced by categories of quasi-coherent sheaves on schemes X and Y, QcohX
and QcohY. In order to precisely pose the question in this context, we need to
introduce some notation. To this end, if Z is a scheme, X and Y are Z-schemes,
€ is a quasi-coherent Oxx ,y-module, and the projections X xz Y — XY are
denoted pr; and pr,, we define

M ®ox &= pI‘Q*(pI‘T M ®(9x><ZY 5)
We make the further assumption that
— ®oy € : QeohX — QcohY,

which is automatic when, for example, X — Z is quasi-compact, separated and Z
is affine.

Let Z = SpecT. Given the statement of Theorem 1.1, it is natural to ask the
following

Question 1.2. Let F' : QcohX — QcohY denote a T-linear, right-exact functor
commuting with direct-limits. Is F' isomorphic to tensoring with a bimodule, i.e.
does there exist an object £ of QcohOx « ,y such that F' = — ®p, £7

When X is affine, we show in Proposition 2.2 that the answer to this question is
yes. In fact, the proof is a straightforward extension of the proof of Theorem 1.1,
and is probably well known.

In general, the answer to this question is no, as the following example illustrates.

Example 1.3. [7, Example 3.1.3] Suppose X = P} and Y = Z = Speck. If
F = HI(X, —), then F' is Z-linear, right-exact, and commutes with direct-limits.
However, as we will prove in Proposition 5.4, F' is not isomorphic to tensoring with
a bimodule.

The purpose of this paper is to describe the structure of T-linear right-exact
functors F' : QcohX — QcohY which commute with direct-limits. In order to state
our main result, we introduce notation and conventions which will be employed
throughout this paper.

We let T denote a commutative ring, and Z = SpecT. Throughout the paper,
we assume all schemes and products of schemes are over Z. We assume X is a
quasi-compact and quasi-separated scheme and Y is a quasi-separated scheme with

structure morphisms X L Zandy & 7 , respectively.
We note that the category

Funct(QcohX, QcohY")
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of functors from QcohX to QcohY is abelian, and we denote the full subcategory
of T-linear functors (see Section 2 for a precise definition of T-linear functor) in
Funct(QcohX, QcohY’) by

Functy(QcohX, QcohY).

The category Functy(QcohX, QcohY') is abelian as well. We denote the full subcat-
egory of Functy(QcohX, QcohY’) consisting of right-exact functors commuting with
direct-limits by

Bimodp (X —Y).

We denote the full subcategory of Bimod (X —Y') consisting of functors which take
coherent objects to coherent objects by

bImOdT(X — Y)
The following definition, studied in Section 4, plays a central role in our theory.

Definition. An object F' of Functr(QcohX,QcohY) is totally global if for every
affine open immersion v : U — X, Fu;, = 0.

In order to generalize Watts Theorem, we first study an assignment, which we
call the Watts functor,

W : Bimod7(X —Y) — QcohX x Y,

whose construction was sketched in [7, Example 3.1.3]. We prove that it is functorial
(Subsection 5.2), left-exact (Proposition 5.1), compatible with affine localization

(Proposition 5.2), and has the property that if F = — ®p, F then W(F) & F
(Proposition 5.4). It follows from Propostion 2.2 that if X is affine, then F &
- ®OX W(F)

We then work towards our main result, proven in Section 6:

Theorem 1.4. Suppose each object of QcohX admits an epimorphism from a flat
object. If F € Bimodp(X —Y'), then there exists a natural transformation

I'p: F — — oy W(F)
such that
(1) 4f F is exact, then kerT'pr = 0 (Proposition 6.1),
(2) if — ®oy W(F) is right-exact then cokT'r = 0 (Proposition 6.2),
(3) if F = —®@y F for some object F in QconX XY then I'g is an isomorphism
(Proposition 6.4), and
(4) T is compatible with affine localization (Proposition 6.7).

1t follows readily from (4) that ker 'y and cokT'p are totally global (Corollary 6.8).
Hence, if X is affine, T'r is an isomorphism.

It follows that if F' € Bimodp (X —Y), then — @, W(F) serves as the “best”
approximation of F' in the following sense (Corollary 6.5):

Corollary. Let F' be an object of QcohX X Y and suppose F/ := — ®p, F' is an
object of Bimodr(X —Y). If ®: F — F’ is a morphism in Bimodr(X —Y), then
® factors through Tp. If — @, W(F) is right-ezact, then ® factors uniquely.

In Section 7, we apply Theorem 1.4 to the case that the domain scheme X is a
smooth curve. We prove the following
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Theorem 1.5. If X is a smooth curve and F is an object of Bimodp(X —Y'), then
cok 'y = 0 (Proposition 7.5), so that there exists an exact sequence

0—kerTp — F 15 — @0, W(F) — 0.
If F is exact on vector-bundles, then T'r is an isomorphism (Corollary 7.8).

In the final section, Section 8, we use Theorem 1.5 to attack the simplest classi-
fication problem not addressed by Proposition 2.2: that of describing the category
bimody, (P! — PY) when k is algebraically closed. To this end, we prove the following
(Corollary 8.13):

Theorem 1.6. Suppose k is algebraically closed and let F € bimod (Pt — PY). If
ker I'p is right-exact, then for some m,n; > 0, there is an exact sequence
0 — @2 _, H' (P!, (=)(i))*" — F 5 — @0, W(F) — 0

in Functy,(QcohP!, QcohP?).

We also give necessary and sufficient conditions on F' € bimodr (P! — P°) for
ker'p to be right-exact (Corollary 8.15).

We conclude the introduction by mentioning one further application of Theorem
1.5. In [4], Ingalls and Patrick show that the blow-up of a noncommutative weighted
projective space is a noncommutative Hirzebruch surface in an appropriate sense.
More precisely, they show that the blow-up is a projectivization of an exact functor
F : QcohP! — QcohP! which commutes with direct-limits. It follows from Theo-
rem 1.5 that F' = —®0,, F where F is a quasi-coherent Op: xp1-module. In [2], we
provide a proof that F is a locally free rank two Op:-bimodule and that the non-
commutative Hirzeburch surface Ingalls and Patrick construct is a noncommutative
ruled surface in the sense of [7].

Our discovery of Theorem 1.4 was motivated by a question posed by M. Van den
Bergh in [7]. To describe his question, we recall a definition.

Definition 1.7. Let X and Y be noetherian. A quasi-coherent Ox yy-module £
is a sheaf-bimodule if for every coherent subsheaf F C &, the restriction of the
projections pry 5 : X X Y — X, Y to Supp F are finite.

In [7], M. Van den Bergh asks how to characterize the image of the category
of sheaf-bimodules in Bimody(X — Y'). He notices that if F is a sheaf-bimodule,
then — ®p, F is exact on vector-bundles. Conversely, one can ask when F' €
Bimodr (X —Y) is isomorphic to — ®p, F for some sheaf-bimodule F. Theorem
1.5 shows that if X is a smooth curve, exactness of F' on vector-bundles is sufficient
to conclude that F 2 — ®0, & for some object £ € Qeoh(X x Y). In [2], sufficient
conditions are given for when £ is a sheaf-bimodule.

Acknowledgement: The first author thanks Quan Shui Wu for hosting him at
Fudan University during the 2006-2007 academic year, during which this paper was
written.

2. WATTS THEOREM

The purpose of this section is to prove that the naive generalization of Watts
Theorem holds when the domain scheme is affine (see the statement of Proposition
2.2 for a precise formulation of this statement). The result is used implicitly in
[7, Example 3.1.3]. We include the proof here since we could not find a proof in
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the literature and since we use the result often in the sequel. We first recall the
following definition, which is invoked in the statement of Proposition 2.2.

Definition 2.1. An element F € Funct(QcohX, QcohY') is T'-linear if the diagram
T x Homep, (M, N)—T x Homp, (FM, FN)

| |

Homp, (M,N) — Home, (FM,FN)

whose horizontal arrows are induced by F', and whose vertical arrows are induced
by global sections of the structure maps Oz — f.Ox and Oz — g.Oy respectively,
commutes.

Proposition 2.2. If X is affine, then the inclusion functor
Qcoh(X x Y) — Bimodp(X —Y)
induced by the assignment F — — ®o, F is an equivalence of categories.

Proof. Let R be a commutative T-algebra such that X = Spec R. We need to prove
that if F' € Bimodp(X —Y), then there exists a quasi-coherent Ox yy-module F
such that F' = — ®p, F, and that the inclusion functor is fully faithful. The idea
behind the proof is to copy the proof of Watts Theorem and then glue. We proceed
in several steps.
Step 1: We show that F(Ox) canonically corresponds to a quasi-coherent Ox xy -
module, F. If U C Y is affine open with U = Spec A, we define a sheaf on X x U,
Ny, by defining an R®7 A-module N. As a right A-module we let N = F(Ox)(U).
If we let
wr € Homo, (Ox,Ox)

correspond to multiplication by r € R = I'(X, Ox), then we give N an R-module
structure by defining r - n := F(p,)(U)n for n € N. It remains to show that N is
T-central, but this follows directly from the fact that F' is T-linear. We conclude
that NV is an R®7 A-module, hence corresponds to a quasi-coherent O x »-module,
Ny. We next note that the sheaves Ny glue to give a quasi-coherent Ox xy-module,
which we call F. For, if ¢ : X x U — U is projection, ¢.Ny = F(Ox)|u, so that we
may define gluing isomorphisms oy : Nuluav — Nv|vau as the identity map.

In the next four steps, we construct a natural transformation © : —®p, F — F
by defining © locally then gluing. Let M be an Ox-module and let U C Y be an
affine open subset.
Step 2: We define O p(U) : M @0, F(U) = FM(U). We note that

M®(9X f(U) = pr2*(pr>{M®Ox><Y f)(U)
- (prTM QOxxy f)(X X U)
= M(X)®r F(Ox)(U).

Hence, in order to define O (U), it suffices to construct an Oy (U)-module map
w: M(X)®gr F(Ox)(U) — FM(U). This is constructed as in the proof of Watts
Theorem, as follows. Suppose m € M(X), n € FOx(U), r € R, and

M € HOHIOX (Ox, M)
corresponds to multiplication by m in Hompg (R, M(X)). Thus,
F/Jm S I‘IOITI()Y (FOX, FM)
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and
F(ppmr)U)(n) = F(pmpr)(U)(n)
= Flum)(U)F (pr)(U)(n)
= Fum)(U)(rn).
Hence, the function w(m ® n) := F(um)(U)(n) extends to a well defined homo-

)
morphism of Oy (U)-modules w : M(X) ®g F(Ox)(U) - FM(U), which in turn
corresponds to a map of Oy (U)-modules O p(U) : M @0, F(U) — FM(U).
Step 3: We show that the maps O p(U) glue to give a map of Oy -modules

Om Moy F— FM.

Suppose U,V C Y are affine open. Since Y is separated, U NV is affine as well.
Then the commutivity of the diagram

(M @0, FOx)U) 7 pmu)

l !

(M ®0, FO)U V)Y Epmunv)

whose verticals are restriction, follows from the fact that, for all m € M(X), F ()
is an Oy-module morphism, hence is compatible with restriction. Hence, if {U;} is
an open affine cover of Y consisting of a basis for the topology on Y, the morphisms
O (U;) glue to give a morphism

Onm : M®o, FOx — FM.

Step 4: We show that ©o, is an isomorphism. Since we need only check that ©¢
is an isomorphism at each point, it suffices to check the result affine locally, which
is routine.

Step 5: We show that the maps © pq define a natural transformation © : — R0, F —
F. Let ¢ : M — N denote a morphism of Ox-modules. We must show that

F(¢)Orm = On (¢ ®oy F).

It suffices to check the result point-wise, hence affine locally on U C Y. To this
end, if m € M(X) then we must show

(FO)U)(Fum)(U) = F(pgx)m))(U).
But

(FO)U)(Fpm)(U) = F(opm)(U)
= F(ugx)m)(U)

where the last line follows from the equality ¢pm = pe(x)(m)-

Step 6: We show that © is a natural equivalence. The proof of this step follows the
classical proof of Watt’s Theorem (see [6, Lemma 11.2], for example).

Step 7: We prove the inclusion functor is full. Let ® : — ®p, € = — ®o, F be a
natural transformation. Our strategy is as follows: we first prove that there exists
a morphism ¢ : £ — F such that ®p, =idp, ®¢. We will then use the naturality
of ® to show that P, = idgo, ®¢ for a direct sum of Ox’s and @ = idys ®¢
for an arbitrary M € QcohX.
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In order to construct ¢ : £ — F with the desired property, we first construct a
map
6 : pr2>{<5 - pr2*]:
as follows: On U C Y open affine, we define 6(U) to be the map making the diagram

P U
Ox oy W) " 0y g0, FU)
(1) Ox(X) ®ox(x) E(X x U) Ox(X) ®ox(x) F(X xU)
PTo, g(U) (S(—U; PToy F(U)

whose verticals are canonical isomorphisms, commute. The fact that the §(U)’s
glue to give a morphism ¢ : pry, € — pry, F is straightforward.

We now claim that ¢ is a pry, Ox xy-module morphism. It suffices to prove this
affine locally on Y, so let U C Y be affine open. The claim reduces to showing that
if r € Ox(X) and p, € Homp,, (Ox,Ox) corresponds to multiplication by r, then
the diagram

P20, (U)
=5

Ox ®oy E(U) Ox ®oy F(U)
w@s)(wl l(w@f)(U)
Ox ®oy EU) — Ox ®@oy F(U)
ox (U)

commutes. This follows from the naturality of ®.
By the preceding claim and [3, II, ex. 5.17], there exists

¢ € Homo, ., (€, F)
such that pr,y, ¢ = §. Since the diagram formed by replacing ®o, by ido, ®¢ in
(1) commutes, it follows that ®p, = idp, ®¢.
Next, we show that if @Oy is a direct sum of structure sheaves, then ®gp, =

idgo, ®¢. To this end, if a; : Ox — ©Ox denotes inclusion of Ox in the ith
summand of ®Ox, naturality of ® implies that the diagram

Qo =idoy ®¢
—

OX ®OX 5 OX ®OX ]:
m@oxt‘:l l%@oxf
(®O0x) ®oy & o (®0x) ®oy F

DO x

commutes. Since ¢ is arbitrary, it follows that ®g¢0, = idgo, ®¢.

Now let M € QcohX and let 7 : ®Ox — M be an epimorphism. Then the
diagram
id@ox R¢

(DO0x) ®oy, € (®0x) ®oy F
7T®OX5J/ lTF@OX]:

M®o, € <I>—> Mo, F

M
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commutes by the naturality of ® and the verticals are epimorphisms. It follows
that ® ¢ = idag ®¢ so that inclusion of QcohX x Y in Bimody (X — YY) is indeed
full.

Step 8. We show the inclusion functor is faithful. If ¢ : &€ — F is such that
— ®oy ¢ =0, then pr,, ¢ = 0 so that, for all affine open subsets U C Y,

(X xU)=0.
Since X x U is affine open in X x Y, there exists an open affine cover {V;} of X xY
such that ¢(V;) = 0 for all . Thus, ¢ = 0. O

3. BASECHANGE, THE PROJECTION FORMULA, AND COMPATIBILITIES

Our construction of the Watts functor and proof of Theorem 1.4 depends, in a
fundamental way, on the existence and properties of two canonical isomorphisms
which are constructed using basechange and projection formulas. The purpose
of this section is to describe these isomorphisms as well as several fundamental
compatibilities involving them.

Throughout this section, we let v : U — X denote an open affine immersion, we
let v =u x idy, and let we p,q: U x Y — U,Y denote projections.

We begin with some preliminary observations. We note that the diagram

UxY-2U

X xY—X

pry

is a fiber square. We claim the basechange and projection formula morphisms
PIT e — V.07 Pr] Uy — v p U U, — v PT
and
Vs —Q0x iy~ = U*U*(U* _®(9X><Y_) - U*(’U*U* _®OU><YU*_) - U*(_®OU><YU*_)

induced by unit and counit morphisms of (u*, u.) and (v*, v.), and by the distribu-
tivity of tensor products and pullbacks, are isomorphisms. To this end, we note
that it suffices to prove that they are isomorphisms over subsets of the form V' x W
where V' C X and W C Y are open affine subsets. This reduces the claim to a
straightforward affine computation, which we omit.

Let £ € QecohU x Y and F € QcohX x Y. We define canonical isomorphisms

(2) U — Qoy € — — Qo V€

and

(3) Uy — Qo F — — o, V' F,

natural in £ and F, as follows: The map (2) is defined to be the composition
u —®o,€ 4:(P"u" — ®0y v €)

4(v" pri — Qoy,y €)
Pra, U+ (V7 Pr] — @0y .y €)
Pro, (Pr] = ®0x .y V4E)

— ®oy V€

lll lI\Z l\l MZ ll\



WATTS THEOREM FOR SCHEMES: PRELIMINARY VERSION 9

where the second morphism comes from the equality pr; v = up and the fourth
morphism is the projection formula.
We define the map (3) as the composition

Uy — ®Oxf prz*(pr’{ Us — ®OX><Y‘7:)

pr2*(1}*p* - ®Ox><y‘7:)

IR ll\l l\l

— Pl U*(p* - ®(9U><YU*]:)
- q*(p* - ®OU><YU*f)
where the second morphism is basechange and the third morphism is the projection
formula.

Naturality of (2) and (3) follows from naturality of basechange and the projection
formula.

The remainder of this section is devoted to the proof that (2) and (3) satisfy

three compatibilities. The first says that (2) and (3) are compatible with the units
and counits of the adjoint pairs (u*, u,) and (v*,v,) (Lemma 3.1). The second says

that if U — U is an open affine immersion and # = @ X idy, then (2) and (3)
are compatible with the canonical isomorphisms (ut)* = a*u* and (v0)* = 0*v*
(Lemma 3.2). The third says that (2) and (3) are compatible with affine basechange
(Lemma 3.3).

Lemma 3.1. The diagram

—®ox F — —®oy sV F

(4) | |
uu* (=) ®oy F—u*(—) @0, v*F

whose top horizontal and left vertical are induced by unit morphisms, whose right
vertical is the inverse of (2) and whose bottom horizontal is induced by (8), and the
diagram

—Roy € — —Qo, V€

® [ I

U*u*(_) Qoy 5(_’“*(_) ®ox v &

whose top horizontal and left vertical are induced by counit morphisms, whose bot-
tom horizontal is induced by (2), and whose right vertical is (3), commutes.

Proof. To prove that the basechange and projection formulas are isomorphisms,
We next show that (4) commutes. It suffices to show that the diagram

pr’{(—) ROxxy F — pI‘T(—) QOxxy v Ut F

l |

(6) priK ’LL*’U,*(—) ®Oxxy F U*(U* prT(_) QOuxy vt F

! !

U*p*U*(_) ®Ox f _)U*(p*u*(_) ®OU><Y U*f)
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whose top horizontal and upper-left vertical are induced by unit morphisms, whose

upper-right vertical and bottom horizontal are projection formulas, whose bottom-

left vertical is basechange and whose bottom-right vertical is canonical, commutes.
Next, we claim the diagram

e —————
(7) pri w,u* vepru*
K, %

VU¥ Pri ue vt — v prutuu*

whose top horizontal and left verticals and bottom-right vertical are induced by
unit morphisms, and whose bottom horizontal and upper-right vertical are canon-
ical, commutes. The claim follows by splitting (7) into two subdiagrams via the
morphism
00" pr] — v,U* pry uu”

induced by the unit of (u*,u.), and noticing that each commutes by the naturality
of the unit.

The claim implies that, in order to show (6) commutes, it suffices to show that
both squares of the diagram

prf(_) QOxxy F — pr’{(—) QOxxy VUt F

l l

(8) v,V prT(_) QOxxy .7-'—>v*(v* pf{(_) Qoyyy ’U*‘F)

v*p*u*(—) ROxxy F— U*(p*u*(_) Xouxy v*}—)
whose top horizontal and top-left vertical are induced by unit morphisms, whose
top-left vertical and middle and bottom horizontals are projection formulas, and
whose bottom verticals are canonical, commutes. The bottom square commutes
by the naturality of the projection formula, while to prove the top square of (8)
commutes, it suffices to show that the diagram

— QO0xxy — —  — ®0xyy ’U*v*(i)

! l

U*v*(f) RDOxxy 7—”}*(1)*(7) ROy xy U*(f))

whose right vertical and bottom horizontal are projection formulas, and whose left
vertical and top horizontal are induced by units, commutes. By the symmetry of
the inputs in the bifunctor — ® —, it suffices to prove that both squares in the
diagram

—Qoxxy = — ’U*’U*(— ®Oxxy _) — U*(U*(_) QOuxy U*(_))

! ! I

V" — ®OXXY_—)U*U*(U*U* - ®@Xxy—)—>’l}*(’0*’l}*’v*(—) QOuxy U*(—))
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whose left arrows are unit morphisms, whose right horizontals are induced by the
canonical isomorphism

(9) U*(_ QOxxy _) = U*(_) Q0oyxy U*(_)

and whose right horizontal is the counit morphism, commute. The left square of
this diagram commutes by naturality of the unit morphism, while the commutivity
of the right square follows from the commutivity of square

U*’U*(— QDOxxy _) - U*(’U*(—) Rouxy 7)*(—))

l l

’U*’U*(’U*’U* - ®(9X><Y_)_>v*(v*v*v*(_) ROuxy v*(_))

whose verticals are induced by units and whose horizontals are (9). This square
commutes by naturality of (9).

The proof that (5) commutes is similar to the proof that (4) commutes, and we
omit it. O

Lemma 3.2. Suppose UcCU are open affine subschemes of X, with inclusion
morphisms 4 : U — U and u : U — X. Let v = u X idy, let v = u X idy, and let
F be an object of QcohX x Y. Then the diagrams

— (X)(QL7 f)*’l)*f—ﬂ]*(—) Roy v*F

(10) | |
whose horizontals and right vertical are the maps (3) and whose left vertical is

induced by the canonical isomorphism 7*v* = (v0)*, and

- ®OX U*’D*f 4,“*(7) ®OU rD*f

) | |
(wd)*(~) ®o, F—a*u*(~) ®o, F

whose top horizontal and verticals are induced by (2), and whose bottom horizontal
is induced by the canonical isomorphism (ut)* = @*u*, commutes.

Proof. Let p: UXxY — U and p: U xY — U denote projections. In order to prove
(10) commutes, it suffices to show that the diagram
(12)

prf(u'ﬁ‘)*(_) ®Oxxy F —>1)*p*ﬂ*(—) QOxxy F— U*(p*ﬁ*(—) ROy xy 'U*}—)
_) ROxxy F ;U*@*ﬁ*(_) ®Oxxy F— U*(f}*ﬁ*(_) Roywy 'U*}-)

l l

09+ (=) B0, (09)"F) — 0.5, (-) Goy,, T F)

(v0).p"(

whose top-left horizontal and top verticals are induced by basechange, whose top-
right horizontal, middle-right horizontal and bottom verticals are induced by the
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projection formula, and whose bottom isomorphism is induced by the canonical
isomorphism (v?)* =, #*v*, commutes.

The upper-right square of (12) commutes by the naturality of the projection
formula. The fact that the upper-left square of (12) commutes follows from the
commutivity of the diagram

pry (Uil) s —Pri Uiy

o9 S

('U'E) «P* — Vi P U

whose non-trivial isomorphisms are induced by basechange. The commutivity of
(13) can be checked affine locally and we omit the routine verification.

The commutivity of the bottom rectangle of (12) follows from the commutivity
of the diagram

(0)2(=) ®0xry F — 0u(0u(=) ®0y 1y V*F)

(14) = | |=

(05).((=) B0y, (v0)*F)—0du((-) @0, 70" F)

UXY

whose bottom horizontal is induced by the canonical isomorphism (vo)* = ot
and whose other arrows are induced by the projection formula. The commutivity
of (14) again follows from a routine affine computation, which we omit.

The proof that (11) commutes is similar and may be reduced to the commutivity
of a diagram of the form (14) as well. We leave the details to the reader. g

Lemma 3.3. Let Uy,Us; C X be affine open subschemes, let Uys := Uy N Us with
inclusions

1
Ugo
Uio—U;

2
“12l lul

U; —X.
ug

For i = 1,2, let v; = u; x idy and let viy = uiy x idy. If £ be an object of
QcohlU; x Y, then the diagram

I !

2 1

u2*(_) Qox v1+€ ul;(_) Qoy, v13€
2 1

— Qoy, V301.E — Qoy, V12, V15E

whose horizontals are induced by basechange, and whose verticals are (2) and (3),
commutes.
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Proof. By the naturality of units, counits and the morphisms (2) and (3), and by
the commutivity of (4), it suffices to prove that the diagram

(15)

Ui (—) @Oy V1x019,075E U Uz (=) @0y, V1, V75E —usuT g, (—

)
I !
)

1%
®oy,, V12€

* 1 1% 1%
— ®0y, V3V1xV12,V15E ususuz. (=) ®oy,, v13€
- ® 5 E — - 2 1*5 * (_) ® 2 l*g
Oy, V2V1x Ou, V12+V12 U U2« Ou, V12+V12

whose top horizontals and bottom-right vertical are induced by (2), whose middle
and bottom horizontals are induced by basechange, whose bottom-left horizontal is
induced by a counit, whose bottom-left vertical is induced by a unit, whose top-left
vertical is induced by (3), and whose top-right vertical is induced by the canonical
isomorphism

1%, * ~v 2%  *
UpaUy = UpaUn

commutes. To this end, we note that, by the naturality of basechange, the diagram

* 1 1% 2 1x
— oy, V3V1:V12, V75— — ®oy, 7}12*”12”12*9125

I I

— @0y, V3U1E = ®oy, V1015
whose verticals are induced by units and whose horizontals are induced by basechange,
commutes. Hence, to prove that (15) commutes, it suffices to prove that if F :=

v13€, then the diagram

Uge(—) ROy V1012, F Uitz (=) @0y, VigeF—uisuiug.(—) @0y, F

I l

1 2
(16) — @0y, V301012, F ug5us U (—) Qou,, F
- ® 2 1x,,1 F - ® 2 F * (7) ® 2 F
Oy, V12+V12Vi24Y — Ou, V12« T UgU2x Ou, V2«

whose bottom-left vertical is induced by basechange, whose bottom-left horizontal
is induced by a counit, and whose other maps are identical to the maps in (15),
commutes.

The diagram (16) can be broken into the four subdiagrams

* 1 = * 2
- ®0y, V3V 9, F —— ®0ou, V3024 V79, F

" | !

2 1x,1 2
— @0y, Vi2: V13012 F —  — ®0y, VizeF
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whose left vertical is induced by basechange and whose right vertical and bottom
horizontal are counits,

Une(—) ROy V1012, F——ultinu(—) @0y, VigeF —uisuiug(—) ®oy,, F

(18) -| E

Unu(—) ROy V2uVTa, F——ubtss(—) @0y, Vg F —uisubuz(—) Qoy,, F
whose horizontals are induced by (2) and whose right vertical is canonical,

2 2
— Qoy, U§U2*U12*‘7:(_u2*(_) Qox V2xV12.F

) ! !

2 2
- ®OU2 vigF ’u’;uQ*(_) ®OU2 vigF

whose top horizontal is (3), whose right vertical is (2) and whose other arrows are
counits, and

Uos(—) ®0x V14019, F—U2i(—) Q0 V25070, F

=2 I I

1 = 2
— Qoy, V3015V, F — — Koy, V3024012, F

whose verticals are induced by (3). It suffices to show that these subdiagrams
all commute. The fact that diagram (17) commutes is left as an exercise to the
reader. The fact that diagram (18) commutes follows from Lemma 3.2. The fact
that diagram (19) commutes follows from Lemma 3.1, and the commutivity of (20)
is trivial. g

4. TotaLLY GLOBAL FUNCTORS

Our goal in this section is to define and study totally global functors. We begin
with some terminology.

For the remainder of this section, an affine open cover of X is a set of pairs
{(Ui, u;)} where u; : U; — X is inclusion of an affine open subset U; of X such that
every point of X is contained in some Uj;.

Definition 4.1. We say F' € Functy(QcohX, QcohY) is totally global if for any
affine open cover {(U;,u;)} of X, Fu; =0 for all 4.

We note that this definition makes sense. For, u; : U; — X is affine since X
is separated [3, II, ex. 3.2], so that u; is quasi-compact and separated [3, II, ex.
5.17b]. Hence, wu;, takes values in the category of quasi-coherent O x-modules [3,
II, Prop. 5.8¢].

The following lemma explains the motivation behind the use of the term totally
global.

Lemma 4.2. Suppose X is noetherian. If F is totally global and M is a quasi-
coherent Ox-module whose support lies in an affine open subset U of X (included
via u), then FM = 0.

Proof. Since F' commutes with direct-limits and X is noetherian, it suffices to prove
that FM = 0 for M coherent. Let ¢ : Supp M — X and ¢’ : Supp M — U denote



WATTS THEOREM FOR SCHEMES: PRELIMINARY VERSION 15

inclusions, so that ¢ = ui’. Since 7 is a closed immersion, the unit map M — i,i* M
is an isomorphism. Thus,

M = Fi i "M

F(ui')i* M

= Fud'i*M
0.

O

Example 4.3. Let W be a noetherian scheme. Then the functor H*(W,—) is
totally global by [3, III, ex. 8.2].

Example 4.4. Let F be an object of QcohX x Y. We claim that if F' = —®p, F
is totally global then F' = 0. To prove the claim, we let v : U — X denote an affine
open immersion. The map (3) induces an isomorphism,

u(-)@ox F = —®o, v"F
— Q*(p*(_) Qouxy U*F)
where v = u X idy and p,q : U x Y — U,Y are projections. If F' is totally
global, then q,v*F = pry, (v,v*F) = 0. Thus, if W is an affine open subset of Y,
v*F(U x W) = 0. Therefore, v*F = 0 since its sections on an affine open cover are

0. We conclude that if p € U x Y, then F,, = 0. Since U is arbitrary, 7 = 0 so
F =0 as desired.

We show in Proposition 4.5 that if F' € Bimodr(X — Y') has the property that
for some open cover {(U;,u;)} of X, Fu; =0 for all ¢, then F is totally global.

Proposition 4.5. If F € Bimody(X —Y) and {(U;,u;)} is an affine open cover
of X such that Fu;, =0 for all i, then F is totally global.

Proof. We first prove that if X is affine, {(W;,w;)} is an affine open cover of X,
and E € Functy(X —Y) such that Fw;. = 0 for all ¢, then E = 0. Since X is
affine, F = — ®p, £ for some object £ of QcohX x Y by Proposition 2.2. Thus, if
p,q: W; xY — W,;, Y are projections and v; = w; X idy, then by (3),

Ew;, = Q*(p* - ®0Wixyvi*g)'

The vanishing of Fw;, for all ¢ implies that ¢,v;*€ = 0 for all . Therefore, for all
7 and all W C Y open affine,

Ul*g(Wz X W) =0.

This implies that v;*€ = 0 for all 4 which implies that £, and hence E, is 0.

Now we prove the lemma. Let F and {(U;,u;)} be as in the statement of the
Proposition. Let {(V},v;)} denote an affine open cover of X and let w;; : U;NV; —
V; and wj; : U; N'V; — U; denote inclusions. Then Fvj.wij. = Fuj.wj;, = 0 for
all ¢ by hypothesis. But Vj is affine, Fvj, € Bimodp(V; x Y) since v;, is right-
exact by the affineness of v; [3, III, Cor. 8.2, prop. 8.1, and Remark 3.5.1], and
00 := {(U;NV},w;;)}; is an affine open cover of V;. Hence the argument of the first
paragraph applies to the functor £ = F'vj, and the open cover 20 of Vj}, so that
Fuv;, = 0. Since j is arbitrary, the lemma follows. O

The following is elementary:
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Lemma 4.6. Let TG denote the full subcategory of Functr(QcohX, QcohY’) con-
sisting of totally global functors. Then TG is a Serre subcategory of the category
Functy (QcohX, QcohY).

5. THE WATTS FUNCTOR

In this section we review the construction of an assignment
W : Bimodp(X —Y) — QecohX x Y

sketched in [7, Lemma 3.1.1], and prove it is functorial (Subsection 5.2), left-exact
(Proposition 5.1), and compatible with affine localization (Proposition 5.2). We
will show in Corollary 6.5 that if F' € Bimody(X —Y) then — ®p, W(F) serves
as a "best” approximation of F' by tensoring with a bimodule. In order to prove
this, we will need the fact, proven in Proposition 5.4, that if F = — ®o, F then
W(F) = F.

The construction of W depends on a choice of finite affine open cover of X. If U
is a finite affine open cover of X, we denote the corresponding functor by Wy. We
show in, Proposition 6.6, that W (F') is independent of this choice in the following
situation: if F' € Bimodp(X —Y) and Y and U are finite affine open covers of X
such that — ®p, Wy(F) and — ®o, Wy (F) are right-exact, then

Wy(F) &2 Wy (F).

This holds, in particular, when X is affine, by Proposition 2.2.

5.1. Preliminaries. Before defining the functor W, we describe conventions we
will employ throughout the rest of this paper.

Let {U; }ier be a collection of open subschemes of X (we identify the underlying
set of U; with a subset of the underlying set of X). For any finite subset {i1,...,i,}
of I, we let

Uity = Uy N--- N0,
and we let
Uiy iyy Uiy, = X
denote the inclusion morphism. For any inclusion {ji,...,Jm} C {é1,...,%n} of

finite subsets of I, we let

J1Jm . . .
wi T Uiy,

= Ujyjim

denote the inclusion morphism. Similar conventions apply when the open sub-
schemes are labelled {V;} or {W}y}, etc. We denote the open cover {U;};cr by
.

For 4,5 with j # i, we let

i

7. 1%
Ni; ¢+ idQeoht; — Ujj,Ui;

denote the canonical unit of the adjoint pair (ui}k, uls,)-
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5.2. Definition of the Watts Functor. Let F' be an object in Bimodr(X —Y).
Our goal in this subsection is to associate to F' an object W (F) € QcohX x Y,
and show the assignment F' — W(F') is functorial. To this end, we first choose a
finite affine open cover of X, Y = {U;}ier with I = {1,...,n}. Recall that X is
quasi-compact, so such an open cover exists.

For each i € I, the proof of Proposition 2.2, gives us an F; € QcohU; x Y and a
canonical isomorphism F'u;, =, ®oy, Fi-

Now let V; = U; x Y. Recalling our conventions about open covers (of X xY),
we claim that there exists a canonical isomorphism
(21) 'l/)ij Y ’L*fz — ’UJ]*.F]
To prove the claim, we note that there are isomorphisms

— ®OU 'U ]:1 —> Ul]*( ) ®OU7; Fi

Fuz*u”*

Fu]*um*

lI\Z l\IZ ll\ lll?

~ ®oy, vij .7:]-,
the first is the inverse of (3), the second is from the definition of F; and the fourth
and fifth are defined similarly. The map 1);; corresponds to the composition above

under the equivalence from Proposition 2.2.
Next, for each pair 7,5 € I with j > i, we define a morphism

ij . z*
(rbi UZ*‘E U'L*U’LJ* z]f

induced by ngj and a morphism

ij . ik
¢ v —»’ui*v”* v Fi

as the composition of the morphlsm vjFj — vj*v”* f] F;= v”v”* fj F; induced
by 77”- and the morphism vz*v”* i 75 Fj — vivj;,0p5 F; induced by 1/1
Finally, since I is finite, in order to specify a morphism

BiviFi > @7<]vz*vw* 13-7:

it suffices to define a morphism
ik .
0" v JFy — vj*v fox ]k]:

for all 7,4,k € I with j < k. We define such a morphism as

o ifi=j,
(22) 07" = —¢l" ifi=k, and
0 otherwise.

The morphisms {#7*} induce a morphism
(23) GF @zvz*fz — @z<]vz*v f

ij% zg
We define
WM(F) := ker 9}7.
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We next note that Wy (F) is an object of QcohX x V. For, since viv};, = vij. is
an affine morphism, it is quasi-compact and separated by [3, II, ex. 5.17b]. Hence
if M is an object of QcohU;; x Y then v;j, M is an object of QcohX x Y by (3, II,
Prop. 5.8c].

We define Wi on morphisms as follows. Let A : E — F be a morphism
in Bimody(X —Y'). The transformation A induces the horizontal composition of
the natural transformations A and id,,,, A * us : Euje — Fu;.. By the proof
of Proposition 2.2, Steps 2,3,4 and 5, there are canonical isomorphisms Fu;, —
—®0y, & and Fug — — ®0y, F;. Hence, A xu;, induces, via these isomorphisms,
a morphism

- ®0Ui 87, —_— = ®OU1. fl
Hence, by Proposition 2.2, there is an induced morphism

The fact that the maps {; };c; induce a morphism § : W(E) — W (F') now follows
from the naturality of nfj and of v;;. We leave it as a straightforward exercise for
the reader to check that the naturality of the latter map follows from the naturality
of (2) and (3).
We define
WM(A) = 9.

It is straightforward to complete the verification that Wy is a functor and we omit
it.

5.3. Properties of the Watts Functor. The following result will not be used in
the sequel.

Proposition 5.1. The functor Wy : Bimodr(X —Y) — QcohX X Y is left-exact
in the sense that if F',F, F" € Bimodr(X —Y) are such that

(24) 0—=FA3F2F' 0

is exzact in Functr(QcohX, QcohY), then

Wy (A)

0 — Wu(F") "V ) "

Wu(F//)
1s exact in QcohX x Y.

Proof. Exactness of (24) implies that, for all u;,
0 — Flu;s. A Fui, = F'uje — 0

is exact in Functr(U; —Y). Thus, this sequence is exact in Bimodr(U; —Y). By
Proposition 2.2, the induced sequence

0—>F —-F —F' —0

K3 2

is exact in QcohU; x Y. Therefore the induced sequences
0 — B0 F| — BivinFi — BivinF; — 0

2 K3

and

9 ik ! % ik i ik !
0 = DicjVinvjuvi; Fi = DicjVinvijuvi; Fi = @icjVisvigviz Fi — 0
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are exact since v; and v”- are affine and v . is an open immersion. There is thus a

commutative diagram with exact rows
! 1!
0—  @iF] —  GwaFi  — Giad; —0

aF/l QFl l@FU

7,* /!
iiw w]:_’@KJ”Z*”w* Z]}' —0

Left-exactness of Wy, follows from the Snake Lemma. [l

0_>@Z<jvl*v o _)@z<jq)z*v

’L]* l_]

Proposition 5.2. The functor Wy is compatible with affine localization in the
sense that if N Uy denotes the affine open cover {Us}icr of Uy, then

W)JﬁUk (F’U,k*) = ’U;WM(F)
naturally in F.

Proof. We prove the result in several steps.
Step 1: We note that the canonical basechange morphisms
Ui — U,
and

uzkuzj* ’LL uijk

zjk*
associated to the diagrams

Uzk—)U

k .
al |

U, —X
U

and

7'.7

Uik
Uz]k ’Uzj

ik i
uukJ( luij

Uik — Ui
Uig
are isomorphisms. This follows from a routine affine computation, which we omit.
Step 2: We show that the composition

k i k % k ik 1% k ik ikx, ix
ViksxVik = Uikx 1kvm*vzg - Ulk*vl]k*vzjkvl] - vlk*vljk‘*vljkvlk‘

whose left arrow is induced by the unit of the adjoint pair (v ”,v;fj*), whose middle
arrow is the second basechange isomorphism from Step 1, and whose right arrow is

induced from the canonical isomorphism

* ik % i ik = ikx, ik
(25) UZ;kUZZ] (U vz]k) - ( Zkv::]k) - U;]k:vzk?
is equal to the morphism induced by the unit of the adjoint pair (v ka,v%“k*). In

order to prove this fact, it suffices to prove that the diagram

v ix
Vik - /Ulk/ulj*vlj

l !

ik ikx 1% ik 1%
,U’ij‘*/U’L]k Uzk_”}mk*vzgkvlj



20 A. NYMAN AND S. P. SMITH

whose top horizontal and left vertical are induced by canonical units and whose right
vertical is induced by basechange isomorphisms, and whose bottom horizontal is
induced by the inverse of (25), commutes. The verification of this fact follows from
a routine affine computation, which we omit.

Step 3: Let F' be an object of Bimodr (X —Y") and consider the composition § defined

by

Div ’Lk‘* zkf i EB'LUI:UZ*:FZ
vifr ®l<jvkvl*vl]* 1;.7:
i @1<J zk* zkvz]*vu]:
i 69Z<] zk* z;ﬂk* EZ’UM?
i @z<] zk* zgk* ff/:%z;]:

whose first and third and fourth arrows are basechange isomorphisms from Step 1,
and whose fifth arrow is induced by the canonical isomorphism (25). Let 5fl denote
the component of delta from the ith summand

k 7%
Viks Vi Fi

to the jlth summand

k jk ]k* VES
Uik Vi Vjik ng]:

Then 6gl = 0 if i is not equal to j orl, (5? is induced by the unit of the adjoint pair
(ke vih,), and 67 is equal to —1 times the composition

k0%, k gk dkx gx k ik ik*, ix
Ujk:*vjk]:j U]k*vz]k*vzjk Ujk]: Uik U ijk* ljkvzk:]:

whose left arrow is induced by the unit of the adjoint pair (Uff;, vfjkk*) and whose
right arrow corresponds, under the equivalence of Proposition 2.2, to the composi-
tion of functors

— @0y, ViR vInF; — ulf (<) @0, VLT

;) u]k:* z]k*( )®0Uj fj
(26) — Fu]*ugk* ZJkk*
= Fuz*ulk* éck*

zk:* i*
_®OU Jk Ukvzk]:

whose first two arrows are (8), whose third arrow is the canonical isomorphism
from the proof of Proposition 2.2, and whose last arrow is defined analogously. The
fact that 53 "= 0if 7 is not equal to 7 or [ follows from the definition of 6p. The
assertion regarding 6;7 follows from Step 2.
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It remains to verify the description of 5;7 . By Step 2, it suffices to prove that
the diagram

pix
vkvj*vlj* ZJ.7-' — vkvl*v]* ”}'
k J* J k ix
]k*vjkvlj* zgf zk*vzkvw* zJ"F
k gk igx, jx k zk 74]* Q%
v]k*vmk*vmkvmf Uik zyk* 'L_]kv ‘7:

l l

k jk jk* ]*
]k‘* ijk* z]k jk

k ik i kox
Fj 7T Vikex z_]k*vzljkvzk
whose top horizontal is induced by the map ;; defined in (21), whose bottom
horizontal is induced by the morphism corresponding to (26) and whose verticals
are induced by basechange isomorphisms from Step 1 and by canonical morphisms
of the form (25), commutes. To that end, it suffices to prove that the diagram

J
’Ukvj*vzg* — Uk’Uz*’U”*
k J*,J k Q%0
(27) Ujk*vjkvij* Zk*vzkvlj*
ko, dk igx k ik 0%
]k*vljk*vljk Uik zgk*vzjk

whose verticals are basechange morphisms, and the diagram

i
W ) ’L]k 7.]* 1*
Uik Vij ‘7:1 7 UiV Fi

» L

v vinFi — v F
whose verticals are induced by canonical morphisms of the form (25) and whose
bottom horizontal is the morphism corresponding to (26), commutes.

The commutivity of (27) follows from a straightforward affine computation,
which we omit. To prove that (28) commutes, we first note that inzDﬂ corre-
sponds to the composition (26) by the naturality of (3). Hence, a straightforward
computation shows that the commutivity of (28) follows from the commutivity of
the four ”corner” subdiagrams. The upper-left such diagram, for example, is the
diagram

1%, J* J .
_®OUiJk vzykvz]f uzgk*( )®OU- ’U f uz]*uzjk*( )®OU f

l -

— @0y, (viyvzjk)*}—j — (uzjumk) (— )®(9Uj Fj
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whose horizontals are the isomorphisms (3) and whose left vertical is induced by
the canonical isomorphism

i, gx =00 0 \x
z]kvu (vuvuk)

v
These corner subdiagrams commute by Lemma 3.2.
Step 4: Let & € QcohU; XY denote the object corresponding to the functor Fug. €

Bimod (U — Y) in the proof of Proposition 2.2. We show that the diagram

I EE T ikx
2]k Ujk]: Ul]k‘vlk

| I

J’f* ik
z]k 5 Ui]kglk?

whose top horizontal is the map (26), whose bottom horizontal is the map 1j; defined

by (21) but corresponding to the functor Fuy., whose left vertical is induced by the
composition

]k* ]* = 7k J*
= ®oy,,, Vijk Virti > Ui (7)) oy, ViR T
= Jj o,k )
’ ujk*uijk*(_> Qo Fj
Fu]*ujk* zgk*
— Fu]k*umk:*
[~ ik _
> Ui (<) oy, &
i -® Jk*g
OU”k z_yk

whose first, second, and sizth morphisms are (3), and whose third and fifth mor-
phisms are the canonical ones constructed in Proposition 2.2, and whose right ver-
tical is defined similarly, commutes. Upon expanding the rows and columns of the
diagram, the proof is seen to follow from the trivial commutativity of the diagram

zk)
igk* ihox Wijkx

:l l:

Fu]k*u

Fuj*ujk*]u — Fuul

- Fuzk*u ik

Jk
ijk* ijkx"

Step 5: We complete the proof. We have
vpkerfp = kervifp
ker &
ker O gy,
Wunu, (Fugs)
where the first isomorphism exists since uy is an open immersion, the second iso-
morphism follows from Step 3, and the third isomorphism follows from Step 4.

Naturality of this isomorphism in F' follows from the naturality of each isomor-
phism above, which is easily verified. [

1

1

We now work towards a proof of Proposition 5.4. We begin by introducing some
notation.
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Let S be a scheme with finite open cover {W;};c; where I = {1,...,n} and let
F be an object of QcohS. Let

ij W F = (wiwh)* F > (wjw]})* — wliwiF

denote the canonical isomorphism, let

¢; t wiw; F— wiw;; wiiw; F

be induced by the unit of (wi* w?j*)7 and let d);j = W;jxPji © (bjz We define

177 e

)

. * FE
OF : G}Zwl*wlf — @Kjwi*wlj*wijwi]:

via its components

gk o o] J*, *
0"t wpw; F — w]*wjk*wjkwj]-'

as follows:
o ifi=7j,

(29) P = —¢" ifi=k, and
0 otherwise.

Lemma 5.3. Retain the notation above. Then the map F — ®;wiw; F induced
by the units of (W}, wis) is a kernel of d .

Proof. Let nr : F — @wiw;F be induced by the units of (w}, w;.) and let
& : N — Bvivf F

be a morphism such that ¢ = 0. We must show that there exists a unique
¥ : N'— F such that nz¢ = ¢. For each i, ¢ has a component ¢; : N — ww}F.
By adjointness of (w}, w;.), there exists a morphism

it wiN — wi F
such that ¢; is the composition
N — wjwiN Wi wisw; F.

whose left map is the unit.
We claim there exists a unique ¥ : N'— F such that w}v = ;.
Suppose the claim holds. We first note that the diagram

v
@ wiwiN

(30) dll J{@iwi*"bi
F2 @wiaw: F

whose top horizontal is induced by unit morphisms, commutes. For, the application
of w} to (30) commutes for all 4, hence the localization of (30) at any p € S is
commutative, whence (30) is commutative.

We next note that if the claim above holds, then % is unique making (30) com-
mute. For if v : N — F makes (30) commute as well, then the commutivity of the
diagram constructed by applying w; to (30) and composing on the right with the
counit w;w;, — idqeohs implies that w;~vy = 1;. The claim tells us that v is unique
with this property. Therefore v = 1.
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Hence, to complete the proof of the lemma, it suffices to prove the claim. To
prove the claim, it suffices, by the Main Theorem of Descent Theory [1, Section
6.1], to show that, for all pairs i, j, the diagram

(withy ) N i N 5w =5 (wow)* F

(31) :l l:

i\ % J*, ok gk ok P A
(wjwy;) N—>w”w N — wijw} F—(wjwi;)*F
i Y
whose unlabelled arrows are canonical, commutes. To this end, we note that since
d0p¢ = 0, the diagram
Wi i
N —w; w; NS Wi w) F—wjw! Wi F

ij* wl]

(32) -| =

N—>wj*w N — W w} .7-'—>wj*w ijj]:

Wix Py

1g*

whose right vertical is canonical and whose other unlabelled morphisms are units,
commutes for all pairs i, j.
Applying w; to (32) yields the commutative diagram

w”wnwl

1%
./\/—»w ' WisW; N wiwiw; F—w; sz*w”*wijwi*}"
(33) =J =
Jo I
wiN —wiwpwiN  —  wiwpw F—wiwaw;; wiiwi F.

Wi w P

It follows from a straightforward computation that the commutivity of (33) implies
the commutivity of the diagram

w! JwiwiY;

wiiwiwiwiN Y — wiwiwiwi F o —wiwiF

I ! l-

ij/\/' w]wwl*w]w w*.7-'—>ij.7:
(34) = =] =
I JE ko VE J* ok
wy; ij Wy wiwjw; Wi wi F——w wi F
w] Wiwjw; N — wf;w;-‘wj*w;}' —>w§;wj*-.7:
w Twjpj

whose unadorned arrows are induced by units and counits, and whose unlabelled
isomorphisms are canonical. As one can check, the outside circuit of this diagram
equals (31). The claim, and hence the lemma, follows. O

Proposition 5.4. If F is an object of QcohX XY and F is an object of Bimodr (X —
Y) such that F = — ®@p, F, then Wy (F) = F.
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Proof. We first construct an isomorphism ; : F; — v F as corresponding, via
Proposition 2.2, to the composition

— Qoyp, Fi = Fu,

~

— - ®OU7: ’U;kf"
whose first arrow is the canonical isomorphism from the proof of Proposition 2.2,
and whose third arrow is (3).
By Lemma 5.3, it suffices to prove that the diagram

* *
DiVixV; .7:—>€BZ<J’U1*’U”* i F
@ivi*wi_ll l@i<jvi*vij*11§;¢;1

BivixFi —> EBz<]Uz*U”* ”]:

commutes, where we specialize the notation for the definition of dz to our situation
by setting S = X x Y, W; =U; x Y, and w; = v;.

Let 6, 7 denote the component of § = from the ith summand to the i, jth summand,
and let 91” be defined similarly. The verification that

ij __ ptd -1
UZ*UU*’U” 061‘ —92 Ovi*wi

is trivial, so that it remains to Check that the diagram

VES Uz,*flm ’L*
Vi F; — v]*v”*v”]: vl*vm* ”.7-"
vty | v ol | lw
J *
VjxVj .7-"—>v]*v”*v” i F — UMUZJ* i Ui F

whose unadorned arrows are induced by units7 and whose unlabelled isomorphism
is canonical, commutes. The left square commutes by naturality of units, while to
prove the right square commutes, it suffices to prove that the square

J* Vi ix :

v Fy — v Fi
(35) 'U',Z;wjl lvz;‘w,

lj ;f—>~ UZ;’U;‘]:

whose unlabelled isomorphism is canonical, commutes. It suffices to prove that
the diagram resulting in applying the functor — ®oy,, (=) to (35) commutes, by
Proposition 2.2. Upon expanding the resulting diagram, it is easy to check that the
commutivity of (35) follows from the commutivity of the diagram

_®0Uv v} ’U*]:_>u1j*( )®OU Uy f—)u.]*ul]*( )®Ox F

gl . l:

_®OU le*f—%bw*( )®OU *f—>ul*uz]*( )®(9x F

whose left vertical is canonical and whose horizontal isomorphisms are (3). This
follows from Lemma 3.2. g
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6. THE WATTS TRANSFORMATION

Our goal in this section is to prove the generalization of Watts Theorem men-
tioned in the introduction (Theorem 1.4). Throughout this section, we assume that
if M is an object of QcohX, then there exists a flat object £ in QcohX and an
epimorphism £ — M. We begin by constructing, for each F' in Bimodr(X —Y), a
natural transformation

FF:F—>_®OX WH(F)
which we show is natural in F.

It will follow readily from the construction that if F' is exact, then kerI'p = 0
(Proposition 6.1), if — ®0, Wy(F') is right-exact then cokI'r = 0 (Proposition
6.2), if F = — ®p, F for some object F in QcohX x Y then I'p is an isomorphism
(Proposition 6.4), and T" is compatible with affine localization (Proposition 6.7). As
a consequence, of these properties, we show that the kernel and cokernel of I' are
totally global (Corollary 6.8). It follows immediately that I'p is an isomorphism if
X is affine. We also show that if F' € Bimodp(X —Y) then —®o, W(F) serves as
a ”best” approximation of F' by tensoring with a bimodule (Corollary 6.5).

6.1. Construction of the Watts Transformation. For each non-flat object M
of Qcoh X, we fix a flat presentation

(36) L1 Ly 5% M.
Let F be an object of Bimodr (X —Y). We construct a natural transformation
I'p: F— —®o, Wy(F)

and show it is natural in F.
Step 1: We note that for any morphism A\ : M — N in QcohX, there is a
canonical epimorphism

71 F(ker \) — ker F'A

which is natural in the sense that if
M2 N

Lo

M —N"
2\

commutes, then the induced maps ¢ : F(ker \) — F(ker X') and ¢/ : ker FA —
ker FA' make the diagram
F(ker \) — ker FA

Ll L,
F(ker N)—ker F X

whose horizontals are the canonical epimorphisms, commute. One can check that
the natural epimorphism comes from the universal property of the kernel of a mor-
phism.

Step 2: Let L be a flat object in QcohX . We construct a morphism

Tpe: F(,C) — L ®oy Wu(F)
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in the category QcohY . Specialize the notation preceding Lemma 5.3 to the case
that S = X and W; = U;. By Lemma 5.3, the morphism

L — @iui*ufﬁ
induced by unit morphisms is a kernel of
5£ @zuz*u L— @zuz*um* g :»C
By Step 1, there is an epimorphism
7w F(L) — ker F(dz),

where we abuse notation by commuting direct sums through F:

F(dz) : @i Fujwu; L — @K]Ful*u”*uzjufﬁ
Now, consider the composition

it Fupu; L — ui L Qoy, Fi — L @0y vixF;

whose left arrow is the canonical isomorphism from Proposition 2.2 and whose right
arrow is from (2), and the composition Vijt

Fugul, 'L — b ulu *E®OU F;

7% iy 7% g U,
= uljuiL ®o,, v F;
i u-ﬁ@oU zij* Z;]:
=, L @0y vixvl W0 F;

ij%1g
whose first arrow is from Proposition 2.2, whose second and fourth arrow are (3)
and whose third arrow is (2).
We claim

(@icjvij) o For = Loy OF o (©473)-
We prove the claim component-wise. To this end, we first show that

i.e. we show that the diagram
Fujul L — Ful*uw*ug‘ufﬁ

l I

ur L Roy, T — AT oy, Fi

ij* Lig U,
L ®0oy vixF; uitur L ®ov,, vijFi

l l

L R0y visl 08 Fi—u} TL®0y, Vijs ij

1% Zj
whose two top horizontals and bottom-left vertical are induced by the units, whose
top verticals are from Proposition 2.2, whose left-middle vertical is (2), whose
right-middle vertical is (3), and whose right-bottom vertical and bottom horizontal

is (2), commutes. The top square commutes by the naturality of the canonical
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isomorphism from Proposition 2.2, and the bottom rectangle and can split into two

subdiagrams via the morphism
uf/l ®0Ui Fi — ’LL:(C ®0Ui f]* Zk}-
The left subdiagram commutes by the naturality

induced by the unit of (v}¥,vi;,).
of (2), while the right subdiagram commutes by the commutivity of (4)

In order to complete the proof of the claim, we must prove
Vij © F5§j =L R®oy Géj 0 ;.
But since (37) holds when ¢ and j are interchanged, it suffices to show that the

diagram
Tk, ok
Fuj*u”* UL — Ful*um*u”ulﬁ

) l

uzj*uzj 1E®OU ~7:z

uzg* zg ‘C®OU ]:
uljuiL ®oy, v Fy uliuiL @oy, v F;

l li )

j J* . *
Uy L ®OU zg*vzy '7_-] ui‘c ®0Ui ijxVij

! L

L ®ox ’UJ*’U”* ij ‘7: —L Xox UJ*UZJ* ij

whose top horizontal is induced by the canonical isomorphism
ij g J ©j 1% 17 i

whose verticals are (3) and (2), and whose bottom horizontal is induced by

L 2L T
() v;; Fj — v Fi

commutes. This follows trivially from the definition of 1);;
It follows from the claim that there is an isomorphism
o ker F(6,) — ker(£ ®o, 0p).

Finally, since £ is flat and pr,, is left-exact, there is a canonical isomorphism

73 : ker(L ®oy 0F) =r ®Roy kerp.

We define
I'pp = m3mom

where 7 is the morphism constructed in Step 1.
Step 8: We show ' is natural on flats, i.e. we show that if

v L — L
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is a morphism of flat objects in QcohX then the diagram
F
FL o, FL

(38) le ll"m/

L Wy (F L'® Wy (F
ox Wl )¢®0X—V)Vu(F) ox Wu(F)

commutes. We leave it as an easy exercise for the reader to check that the diagram

e ;
* 7 Tk, k
@i Fupui L —= @i Fupug;, uiiui £

l l

* ! i ik, k)
@i Fuguf L ?@KjFui*uij*uijuiﬁ
L

whose verticals are induced by 1, commutes. Therefore, by Step 1, there exists a
morphism v’ : ker F'6; — ker 'z such that the diagram
FL=Fkerd, —ker Fo,
ST
FL' = Fkerd, —ker Fos

whose horizontals are canonical, commutes. The remainder of the argument that
(38) commutes is straightforward, and omitted.
Step 4: We construct, for M an object in QcohX, a morphism

Yim i FM — M ®p, Wy (F).
Applying F to the flat presentation (36) yields a diagram

Fé&y Féo
=5 LY

FLy

(39) FF‘LIJV JFFLO

L1 R0, Wy(F Lo R0, Wy(F M Ro, Wy (F
1 @ox Wl )€1®oﬁu(F) 0 @ox Wl )Eo®oj/u(F) ox Wu(F)

FLy M

whose top right horizontal and verticals are epimorphisms, which commutes by Step
3. Thus, there exists a unique morphism

'VFMZFM —>M®0X Wu(F)

making

FL, Féy FM

FFLOl l"/FM

Lo® Wy (F M® Wy (F
0 =Ox 11( )§O®O;)V)J(F) Ox u( )
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commute. We will show, in Step 6, that vp 4 is independent of presentation chosen.
Step 5: We show that if ¢ : M — N is a morphism in Qcoh X, then the diagram
Fé

FM — FN
’YFMJ{ l"/F]\/’
M ®p, Wy — N ®oy, Wy
Q0 x Wy (F)

commutes. Suppose
Ly — L) N
is the flat presentation chosen for A/. Then there exists a flat presentation

L—Loa L) "2 N
for NV, with corresponding morphism ~ ., constructed as in Step 4. Therefore, the
outer circuit of the diagram

F(rn®id,, ) !
F(Lo & L}) L FMeacy 79 g

FF(LO@c@l FF(Mea%)l J'Y;“N

(Lo ® L)) oy Wy(F) — ML) oy Wu(F) — N ®o, Wy(F)
whose left-bottom vertical is induced by 7 ®1id.; and whose bottom-right vertical is
induced by ¢ ® 7/, commutes. By Step 3 and the universal property of direct-limit,
the outside of the diagram constructed by placing the diagram
(40)

F¢®Fid
FLy® FL| — 0 FM@a FL)
FFCO@FFEéJ, ’YFMGBFFq)l

Lo R0, Wy(F) & Ly Rox Wy(F) — Moy Wu(F) & L) @0 Wu(F)

whose bottom horizontal is ™ ®o, Wu(F) @ idg; ®oWu(F'), to the left of the
diagram

FMe& FL), Foor’  par
(41) ’YFM@FFL()J l'Y;“N

M@0, Wy(F) @ L @0y, Wu(F) — N ®o, Wy(F)
whose bottom horizontal is induced by ¢®o, Wy (F) and ' @, Wy (F'), commutes.
The commutivity of (40) follows from the construction of ygaq. Thus, since the
upper horizontal in (40) is an epimorphism, (41) commutes as well. Restricting both
routes of (41) to FLj and using the uniqueness of ypp implies that vea = Y-
On the other hand, restricting both routes of (41) to FM allows us to conclude
that
YEMP @0 Wu(F) = Ypp Fo.

Step 5 follows.

Step 6: We show that ypaq is independent of presentation. Let v, : FM —
M®@o, Wy (F) denote the morphism constructed in Step 4 using a flat presentation

Ly — Ly — M.
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Now apply Step 5 to conclude that the diagram
FM Flidp FM

’YFMl l'Y;?M

Mo, Wy(F MRo, Wy (F
ox WalF) = M@0, Wa(F)

commutes. Step 6 follows.
We define

FFM = YFM-

Step 7: We show that ' is natural in M. This follows from Step 5 in light of the
definition of I'p a4 given in Step 6.

Step 8: We show I'p is natural in F'. It suffices to check that if £ is a flat object
in QcohX and n: F' — G is a morphism in Bimod (X —Y') then the diagram

F(L) e, G(L)

(42) YFL J, l’)’GC

L R0, Wy(F — L Ro, Wy(G
ox Wu( )£®0XWu(n) ox Wu(G)

commutes. Sufficiency follows from the right-exactness of F. The proof that (42)
commutes is straightforward, and we omit it.

6.2. Properties of the Watts Transformation.
Proposition 6.1. If F' € Bimodp(X —Y) is ezact, then kerI'p = 0.

Proof. Tt suffices, by the naturality of I'r and the fact that every object of QcohX
has a flat presentation, to prove that I'p, is an isomorphism for flat objects £ in
QcohX. By the construction of I'z., it suffices to show that canonical map

m : F(L) = F(kerds) — ker Fé.,

from Step 2 of the construction of 'z, is an isomorphism. This follows from the
left-exactness of F. O

Proposition 6.2. Let F' be an object of Bimodr(X —Y). If — ®p, Wy(F) is
right-exact then T'p is epic in the category Functr(QcohX, QcohY).
Proof. Suppose — ®p, Wy (F) is right-exact, and let

L— M

be an epimorphism from a flat object £. Then the induced diagram
FLC — M

FFLl lFFM

L R0y Wy(F)—M R0, Wy(F)
has epic horizontals by hypothesis and epic left vertical by construction of I'g,.

Hence, I'p a4 is epic as well. (Il

Corollary 6.3. Let F' € Bimodp(X —Y) be a totally global, exact functor such
that — @0 Wy(F') is right-ezact. Then F = 0.
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Proof. Since F is exact, kerI'r = 0 by Proposition 6.1. Since, — @, Wy (F) is
right-exact, cokI'r = 0 by Proposition 6.2. Hence, F & — ®p, Wy(F). Thus,
since F' is totally global, F' = 0 by Example 4.4. (]

Proposition 6.4. If F is an object of Bimodp(X —Y) such that F = — @0, F
for some object F in QcohX x Y, then I'r is an isomorphism.
Proof. By Proposition 5.4, Wy (F) = F. Since F is right-exact, so is —®p, Wy (F).
Hence, by Proposition 6.2, T'r is epic in Functy(QcohX, QcohY).

It remains to prove that ker I'r = 0. Since —®o, Wy (F) is right-exact, it suffices
to show that if £ is flat, then ker 'z = 0. By the construction of I'p, in Step 2,
it suffices to show that the canonical map

F(L) = F(kerdz) — ker Fé,
is monic. To prove this, we note that the morphism
L — @iui*ufﬁ
induced by unit morphisms is a kernel, by Lemma 5.3. Thus, it suffices to prove
that the morphism
induced by unit morphisms, is monic. The diagram
E@OX F —L ®(’)X U'L*U»Zkf

! !

upu; L Qo F—ui L Qo, viF
whose top horizontal and left vertical are induced by unit morphisms, and whose
right vertical and bottom horizontal are (3) and (2) respectively, commutes by
Lemma 3.1. Hence, it suffices to prove that the morphism
(43) Loy F— LR0y Bivisv; F

induced by unit morphisms is monic. But since the morphism
F-2 Biviv; F

induced by units is a kernel by 5.3, it is monic. Since £ is flat, so is prj £. Hence
pri L ®oy ., ¢ is monic. Finally, since pry, is left-exact, it follows that (43) is
monic. The proof follows. (]

Corollary 6.5. Let F' be an object of QcohX XY and suppose F' := — Qo F' is
an object in Bimodr (X —Y). If ® : F — F' is a morphism in Bimodr (X —Y), then
® factors through U'p. If — ®0, Wy(F') is right-ezact, then ® factors uniquely.

Proof. Since I'g is natural in G, the diagram
®

F — F’
o) =
— oy Wy(F — R0, Wy(F’
Ox U.( )_®OX_‘>/VL1(‘I>) Ox Ll( )

commutes. Since ['ps is an isomorphism by Proposition 6.4, the first assertion fol-
lows. The second assertion follows from the fact that if —®e, Wy (F) is right-exact,
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then 'z is an epimorphism in the category Functy(QcohX, QcohY') by Proposition
6.2. (Il

Proposition 6.6. Let F' € Bimodr(X —Y) and suppose 84 and B are two finite
affine open covers of X such that — @0, Wy (F) and —®0, Wy (F') are right-ezact.
Then

Wy (F) = Wu(F)

Proof. The natural transformation I' depends on a choice of finite affine open cover.
We let I'F denote the natural transformation I'r constructed with respect to .
Applying Corollary 6.5 to the case ® = I'F we get a map

U: — Qo W)J(F) — — Qoy Wm(F)

By reversing the roles of 4 and U and using the uniqueness statement in Corollary
6.5, we have

- Qox Wu(F) = — ®ox Wyl(F).
Applying the functor Wy (—) to this isomorphism gives, by Proposition 5.4, the
required isomorphism. (I

Proposition 6.7. Let F be an object of Bimodr (X —Y) and let T * ug, denote
the horizontal composition of the natural transformations I'r and id,,,. Then I'p
is compatible with affine localization, i.e. the diagram

Ux (—) @0 Wu(F)
(44) rpuk*l l

— ®oy, Wunu, (Fugs) —  — ®oy, viWu(F)

whose bottom horizontal is induced by the isomorphism constructed in Proposition
5.2 and whose right vertical is induced by the isomorphism (8), commutes for all k.

T'pxug s
Fup, —

Proof. We prove the result in several steps.

Step 1: We show that it suffices to prove that (44) commutes when applied to flat
objects of QcohUy. For, if m: L — M is an epimorphism in QcohU;, where L flat,
then, since the arrows in (44) are natural, and since Fug, is right-exact, Step 1
follows from a standard diagram chase.

Step 2: We note that the diagram

(45) e | &iuf(-) ®oy, Fi

l

— ®ox Wu(F)— @i — Qo vixF;
whose top horizontal is induced by a unit, whose top wvertical is induced by the
canonical isomorphism from Proposition 2.2, whose bottom vertical is induced by
(2), and whose bottom horizontal comes from the definition of Wy (F) as a kernel,
commutes. We first note that (45) commutes on flats by the definition of T'p.
Now, if M is an object in QcohX, there exists an epimorphism from a flat object
L in QcohX to M. This epimorphism induces a map from (45) applied to £ to
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(45) applied to M. Since all the arrows in (45) are natural and the induced map
FL — FM is an epimorphism, the commutivity of (45) applied to M follows from
a routine diagram chase.

Step 8: We claim that the diagram

k kx
Fup, —  Fugaug, uy

* 1 kx
Fuguiug, — Fuguj,uyg

(46) ufuge(—) ®oy, Fi—uj,uli (=) @oy, Fi

upe(—) Qox visFi  ulf (=) oy, VipFi

| l

— ®0y, VivinFi — = ®oy, Vi ViEFi

whose top horizontal and top-left vertical are unit morphisms, whose second verti-
cals are from Propostion 2.2, whose second, third and fourth horizontal are induced
by basechange, whose third left-vertical and bottom right-vertical are induced by (2),
and whose bottom-left vertical and third right-vertical are induced by (3), commutes.
The proof of the commutivity of the top square of (46) is routine and left to the
reader. The commutivity of the middle square of (46) follows from the fact that the
second verticals are induced by the same natural transformations. The fact that
the bottom rectangle in (46) commutes follows from Lemma 3.3.

Step 4: Let & be the object of QcohUs,, X Y such that there is a canonical iso-
morphism (as in Proposition 2.2) Fug.ul,, — — ®oy,, €i- Then the isomorphism
p: Wynu, (Fugy) — v Wy (F) constructed in Proposition 5.2 makes the diagram

OFu ) .
1% E ok c kx o~ ok ik ikx o)
unvy, (Fugd) — @05,.6  — Di<j Vs Vi Vigh Ci

! l

(47) ”l B0, Vi Fi Bi<jViks Vi VijuVis Fi

l l

'U;:WLL(F) g @iv;:vi*fi ﬁ @Kjv;;vi*vfj*v;;]-}
LOF

whose top and bottom left horizontals are induced by inclusion, whose middle and
right top verticals are induced by basechange, and whose middle and right bottom
verticals are induced by the composition

ix = i
— ®ou,, VitFi > Ui(—) ®oy, Fi
k
—  Fupaugy,

-_— - ®0Uik 57,
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whose first arrow is induced by (3), and whose second and fourth arrow are the
canonical isomorphisms from Proposition 2.2, commutes. The fact that the right
square commutes was checked in the proof of Proposition 5.2, and it follows that
there exists a unique isomorphism, which is p, between the kernel of the top-right
arrow and the kernel of the bottom-right arrow, making the left square of (47)
commute.

Step 5: We complete the proof of the proposition. We first note that all squares in
the diagram

— ®oy, Wunu, (Fug)— ®i — ®oy, ok & — @ukr(-) ®oy,, Ei

e | |

Fuy. — Fup. —  OiFupag

(48) rF*uk*l l l

Diufurs(—) Qoy, Fi @ity uly (=) ®oy, Fi

l l

Ua(—) @0y Wu(F) —@iups(—) Qoy vinFi  @iufi (=) oy, vinFi

| | |

b
— ®0Uk UZWH(F) — D — ®0Uk "U;:vi*j:i — D — ®0Uk Uik*vzz’;:]:i

whose upper and middle-left rectangle are (45), whose lower-right rectangle is (46)
and whose lower-left square has verticals induced by (3) and horizontals induced
by the inclusion

(49) Wy(F) — @0 F;

commute. This follows from Step 2, Step 3, and the naturality of (3).
We next note that the outside of the diagram formed by placing

— @0y, Wunu, (Fuks)—— @0y, Wunu, (Fuks)

TFF%*

Fuk*
(50) ~sou, | [ e
U (—) ®ox Wu(F)
- ®DUk ’UZWLI.(F) ? - ®DU}« UZ;WM(F)

whose bottom-right vertical is induced by (3), to the left of (48) commutes by Step
4. Since (50) equals (44), and since the map

— ®oy, Wu(F) — ®i(=) ®oy, vEviFi
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induced by (49) is monic on flat objects, we conclude, by a straightforward diagram
chase on the diagram constructed by placing (50) to the left of (48), that (44)
commutes on flat objects. The proposition follows from Step 1. (]

Corollary 6.8. If F is an object of Bimodp(X —Y) then kerT'r and cok'p are
totally global. In particular, if X is affine, then I'r is an isomorphism.

Proof. By Proposition 4.5, it suffices to show that (ker I'z)u;. and (cok I' p)u;. equal
0 for all . To this end, we compute

(kerTp)ue = ker(Tp * wgx)
kerI' o,
0

Il

where the second equality is from Proposition 6.7, and the third follows from the
fact that since Fu;, = — oy, Fi by Proposition 2.2, I'p,,,, is an isomorphism by
Proposition 6.4.

A similar proof establishes the fact that cokI'r is totally global.

The last statement follows from the fact that TG = 0 when X is affine. ([

From now on, we fix a finite affine open cover 4 of X and write W for Wy,.
By Lemma 4.6, we may form the quotient category

Functy(Qcoh X, QcohY)/TG.

Let
7 : Functy(Qcoh X, QcohY') — Functr(Qcoh X, QecohY) /TG

denote the quotient functor. The exactness of 7 together with Corollary 6.8 implies
the following naive version of Watts Theorem:

Corollary 6.9. If F € Bimodr(X —Y), then w(T'r) is an isomorphism, i.e.
TF 2 71(— o W(F))
in Functy(QcohX, QcohY)/TG.

7. APPLICATION TO FUNCTORS FROM SMOOTH CURVES

Let k be an algebraically closed field. In this section, we assume 7' = k and X is
a smooth curve. We show that if F' is an object of Bimod (X —Y"), then cokT'r = 0
(Proposition 7.5), so that there exists an exact sequence

0—kerlp — F 25 — @0, W(F) — 0.

We also show that if F' is exact on vector-bundles, then I'p is an isomorphism
(Corollary 7.8). We begin with some preliminary facts.

Lemma 7.1. If S is a finite subset of closed points of X, then there exists an affine
open subset U C X such that S is contained in U.

Proof. There exists a finite, hence affine, morphism f : X — P!. Since f(9) is a
finite set of closed points of P!, there exists a copy of the affine line, A’ C P! such
that f(S) C Al. Therefore, S C f~1(Al). Since f is affine, the result follows. [
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Lemma 7.2. Let T be a coherent torsion module over X. Then there exists an
affine open subset U C X such that Supp? C U and such that the unit morphism
T — uu*7 is an isomorphism.

Proof. Since 7T is coherent, the set Supp7 is closed. Hence, to show Supp7 is
finite, it suffices to find a closed point ¢ € X such that 7, = 0. To this end, let
Spec A = W C X be an open affine subset with inclusion map w : W — X. Since
T is torsion, w*7 is torsion as well. Since A is a Dedekind domain,

F(W,w*T) = @,;A/p}"

where p; is maximal, n; > 0 and the sum is finite. Since A has infinitely many
maximal ideals, there exists a maximal ideal ¢ € A such that w*7; = 0. Hence,
7, = 0, so that Supp7 is finite, and by Lemma 7.1, there exists an affine open
subset u : U — X such that Supp7 C U.

The proof of the second statement is routine, and we omit it. O

The straightforward proof of the following result is left to the reader.

Lemma 7.3. If
A—B—C—0

is exact in Functr(QcohX, QcohY) and A and B commute with direct limits, then
C' commutes with direct limits.

Corollary 7.4. The functor cokI'r commutes with direct limits.

Proof. There is an exact sequence

FI5 —gp, W(F) — cokI'p — 0.

in Funct,(QcohX, QcohY'). The proof follows from Lemma 7.3, since both F' and
— ®oy W(F) commute with direct limits. O

Proposition 7.5. Suppose F is an object of Bimodi(X —Y). Then cokI'p = 0.

Proof. We first show that if M is a coherent object of Qcoh X, then cok I'p (M) = 0.
To this end, we note that M = F®7T where F is a vector-bundle and 7 is a coherent
torsion module over X [5, Lemma 5.2.2]. By Lemma 7.2, there exists an open affine

inclusion u : U — X such that the unit morphism 7 — w,u*7 is an isomorphism.
Thus

cokI'p(M) = cokIp(FeaT)
>~ cokp(F @ ue™T)
= cokI'p(F) @ cokT'p(usu*T)
>~ cokI'p(F)

where the second isomorphism is induced by the unit, and the fourth isomorphism
follows from Corollary 6.8. Now, since F is flat, I'p# is epic. Thus, cokI'pF = 0,
so that cokI'p M = 0.
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Now suppose A is an object of QcohX. Since X is noetherian, N = limN; with
N; coherent. Therefore

cokTp(N) = cok'p(limN;)
> limcok I'p(N;)
= 0

where the second isomorphism follows from Corollary 7.4 and the equality is from
the first part of the proof. The result follows. [l

Lemma 7.6. Let F be a vector-bundle on X, let I be a finite set, and let u; : U; —
X denote affine open inclusions. Then every coherent submodule of ®;u;u;F is a
vector-bundle.

Proof. We first prove the result in the case that |I| = 1. In this case let © = u;.
Suppose there exists a coherent torsion submodule 7 C w,u*F. Localizing at
p € Supp 7 gives a monic

¢ Op/my — (ueu™F)p.

with n > 0. It follows that Op/my is an Op-submodule of K™ for some m > 0,
where K is the field of fractions of O,. This contradicts the fact that K is a domain.

To prove the general case, we note that a finite direct sum is a finite product,
hence if @®;u;.u}F contains a non-zero coherent torsion, submodule, then up,u;F
contains a non-zero coherent submodule for some k € I. By the first part of the
proof, this is impossible. (Il

Corollary 7.7. Let F be a vector-bundle on X. Then the exact sequence
(51) 0 — F=kerdr — @ujpu; F — imdr — 0
is a direct limit of short exact sequences of the form
0—=F —F2—F3—0
where F; is a vector-bundle.

Proof. Let C C ®;u;.u;F be coherent. Since X is noetherian, there is a short exact
sequence of coherent O x-modules

0 — ker(dg|c) — C L imdg|lc — 0.
Let {Cs}aca denote the collection of coherent submodules of @;u;ufF.
We first claim that the direct system {kerdz|c,} induced by inclusion induces
an isomorphism
lim ker |, = ker 0.
aZA
To prove this claim, we note that if  C @®;u;u;F is contained in the kernel of
d7 and is coherent, then the system above includes IC = ker dz|x. Thus, the direct
limit is taken over all coherent subsheaves of ker § =.
We now take the direct-limit of the sequences

(52) 0— ker(5f|ca) — Ca 67_\% im5f|ca — 0.
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By the universal property of direct-limits, there is a morphism from this sequence
to (51). By the first claim, the induced map

lim ker(dz|c,) — kerdz
is an isomorphism. By hypothesis, the induced map
IEnCa — Diupu; F
is an isomorphism. Hence, the induced map

limimdz|c, — imdr
—

is an isomorphism as well. Hence, (51) is isomorphic to the direct-limit of the
sequences (52).

The corollary now follows from Lemma 7.6 in light of the fact that imdr C
@Kjuij*u;‘j]:. U

Corollary 7.8. If X is a smooth curve and F is an object of Bimody (X —Y") which
is exact on vector-bundles, the I'r is an isomorphism so that

F2-—Q0, W(F).

Proof. Let F be exact on vector-bundles. It suffices, by Propostion 7.5, to show
that kerI'r = 0. By Corollary 7.7, F' is exact on

0 — kerdr — @D;upui M — imdr — 0.

Hence, the canonical map F'(ker §z) — ker F'(0x) is an isomorphism. Thus, ker'p
vanishes on flat objects. Hence, I'r is an isomorphism on flat objects. It follows
from a straightforward diagram chase that I'r is monic on arbitrary objects, so
that kerI'pr = 0. The result follows. O

8. A STRUCTURE THEOREM FOR OBJECTS IN bimody (P! — P?)

The purpose of this section is to compute the structure of certain objects in the
category bimody, (P! — P%) when k is algebraically closed.

Throughout this section, we let T = k where k is an algebraically closed field,
we assume X and Y are noetherian, and we let

functy (Qcoh X, QcohY’)

denote the category of k-linear functors from QcohX to QcohY which take coher-
ent objects to coherent objects. If F' is an object of functy(QcohX, QcohY’), we
let F|eonx denote the restriction of F to full subcategory of QcohX consisting of
coherent objects.

In order to simplify the exposition, we introduce the concept of an admissible
functor.

Definition 8.1. Suppose X is a projective variety with very ample invertible sheaf
O(1). A nonzero object F' in functy(QcohX, QcohY’) is called an admissible functor
if it

(1) is totally global

(2) is half-exact on vector-bundles,

(3) commutes with direct-limits, and

(4) has the property that whenever FO(n) # 0 and m < n, Fa is epic for all

nonzero o € Hom(O(m), O(n)).
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Our first substantial result in this section (Proposition 8.6) is that an admissible
functor F € functy(QcohP!, QcohP?) admits a monic

A:HY P (2)E) — F

for some i € Z. We then prove (Corollary 8.10) that A is split. This allows us to
prove (Corollary 8.12) that every admissible functor in functy(QcohP!, QcohP?) is
a direct sum of cohomologies. This result, along with Proposition 7.5, allows us
to compute the structure of those objects F of bimody (P! — P?) such that ker I'r
is right-exact. Finally, we give necessary and sufficient conditions for ker I'r to be
right-exact.

8.1. Subfunctors of Admissible Functors. In this subsection we prove that
if F € functy(QcohP!, QcohP?) is admissible, it has a subfunctor isomorphic to
HY(P', (—)(4)) for some integer i. We begin with some preliminary results.

Lemma 8.2. Let X be a projective variety with very ample invertible sheaf O(1)
such that for all n > 0, we have

dimy I'(X, O(n)) > 1.

Suppose F € functy(QcohX, QcohP?) has the property that whenever FO(n) # 0
for some n then Fa is epic for all nonzero o € Hom(O(m),O(n)) and all m < n.
Then

dimy FO(m) > dimy FO(n)

for allm < n.
The hypothesis on F is satisfied if F is right-exact and vanishes on coherent
torsion modules.

Proof. We first prove that if F' is right-exact, vanishes on coherent torsion modules
and FO(n) # 0, then Fa is epic for all nonzero o in Hom(O(m), O(n)) whenever
m < n.

Let m < n and suppose a € Hom(O(m), O(n)) is nonzero. We first show that
the kernel of @ must be zero. If not, pick an affine open cover over which both
O(m) and O(n) are free. Over one of these sets, U, ker « is nonzero. Since «(U) is
just multiplication by some element of O(U), and since X is integral, a(U) must
be the zero map. Therefore, U C Suppkera. On the other hand, since ker « is
coherent, its support is closed in X. Since X is integral, the support of ker o must
equal X. But the support of ker « is disjoint from the set of points p € X such that
oy, # 0, since this map is just multiplication by a nonzero element of a domain. We
conclude that the kernel of « equals 0.

The cokernel of oy, is a torsion Ox p-module for all p. We conclude that the
cokernel of « is torsion. Therefore, there is an exact sequence

0— O(m) > 0Mm)—T—0

with 7 torsion. Hence dim FFO(m) > dim FO(n) by the right-exactness of F' and
by the fact that F'7 = 0.

Next, let n be such that FO(n) # 0 and suppose that for all nonzero o €
Hom(O(m), O(n)) with m < n we have Fa epic. To prove the assertion, we must
exclude the possibility that there exists some m < n such that dim; FO(m) =
dimy, FO(n). Suppose to the contrary that for some m > n, dimy FO(m) = d =



WATTS THEOREM FOR SCHEMES: PRELIMINARY VERSION 41

dimy FO(n) # 0. Then, for all nonzero a € Hom(O(m),O(n)), Fa is an iso-
morphism. Pick a basis aq, ..., a, for Hom(O(m),O(n)) and let zq, ...,z, denote
indeterminates. Note that by hypothesis, > 0. Since

det(xoFag + -+ + 2. Fa,)

is a homogeneous polynomial of degree d > 0 in k[x, ..., z,], it has a non-trivial
zero which then gives a non-zero a such that F« is not invertible. This is a con-
tradiction. (]

Corollary 8.3. Let X be a smooth curve. If F € Functy(QcohX, QcohP?) is totally
global and M € QcohX is coherent torison, then FM = 0.

Proof. The lemma follows from Lemma 4.2 and Lemma 7.2. (]

Lemma 8.4. If F € bimody (P! — PY) is non-zero and totally global, then F is
admissible.

Proof. Since F € functy(QcohP*, QcohP?) is totally global, F' vanishes on coherent
torsion modules by Corollary 8.3. Therefore, F' is admissible by Lemma 8.2. (]

The following lemma will be invoked in the proof of Proposition 8.6. Its straight-
forward proof is omitted.

Lemma 8.5. Suppose Fy, F» € funct;(QcohX, QcohY') preserve direct limits.

If A: Filcohx — Faleohx ©s a natural transformation, then A extends uniquely
to a natural transformation A : Fy — Fy. If A is monic, i.e. if Ay, is monic for
all coherent objects M in QcohX, then A is monic in Functy(QcohX, QcohY). If
A is epic, then A is epic in Functy(QcohX, QcohY").

We introduce notation which will be used in the proof of Proposition 8.6: let
A = Ek[xg,z1] denote the polynomial ring in 2 variables with its usual grading. Let
fit A[=(n +1)] = Aln] and g; : A[—(n + 2)] — A[—(n + 1)] denote multiplication
by x;. Then we have a short exact sequence in GrA:

0 — A[—(n+2)] Y27 Al—(n + 1)) 2 Al—n] — T[—n] — 0.

This induces the short exact sequence

(53)  0— O(—(n+2)) "I O(~(n +1))%2 " O(—n) — 0.
in cohP}.
Proposition 8.6. Suppose F' € funct;,(QcohP!, QcohP?) is admissible. Then the
set
{i € Z|FO(i) # 0}
has a maximum, v, and there is a monic morphism
A:HY P (-)(-2—-7) = F

in Functy (QcohP}, QcohP?).
Proof. We first show that r is well defined. Since F' is non-zero and totally global,
FO(n) # 0 for some n. Then dim FO(n) > dim FO(n + 1) by Lemma 8.2, so
FO(i) = 0 for all ¢ >> 0. Hence, the set {i € Z|FO(i) # 0} indeed has a
maximum.

Define H = HY(P, (—)(=2 —r)). Note that HO(r) = HY(P!,0(-2)) = k. We
first define a natural transformation A : H|cppr — Flconpr On coherent objects of
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QcohX by defining A  for each indecomposable coherent sheaf F. If F is torsion or
isomorphic to O(i) with i > r we define Az = 0, and we define Ay, : HO(r) —
FO(r) to be any nonzero map. Now suppose we have defined Ap(; for all i >m
such that each such Ay ;) is injective and such that

HO()™4HO(j + 1)

Lo, l lé‘jﬁl
FO(j) =5 FO(j +1)
commutes for j > 4 and ¢ € Homp: (O(j), O(j + 1)). We construct an injective

homomorphism 6 : HO(m) — FO(m) such that
HOM)ZSHO(m + 1)
(54) 9l léomﬂ
Fe
FO(m)—FO(m+1)

commutes for ¢ = ¢, p1 (see 53 for a definition of these maps). To this end, we
apply both H and F to the exact sequence (53) with n := —m — 2 to get a diagram

HOm) " HO(m 4 1)82 " HO(m 4 2)

@2
(55) éo(m-u) Jéo(m+2>

FO(m) "= FO(m 4 1)02 T FO(m 4 2)

with exact rows whose right square commutes.
To construct 6, choose a basis u, ..., Ur—ms+1 for HO(m). Now,

(H¢1, —Hd)o)(ul) € ker(HwO —+ le)

Thus, by the commutivity of the right-hand square of (55),

(Ao m+1)s Do) (H e (u;), —Hpo(u;))

is in the image of (F¢1, —F¢o). Hence, there exists a v; € FO(m) such that
Foj(vi) = ApmynyHoj(u;) for i = 1,...,r —m + 1 and j = 0,1. We define
0(u;) = v;. Since F is k-linear, we conclude that (54) commutes for all

¢ € Homp: (O(m), O(m + 1)).

We define Ap,,) 1= 6.
Next, we define A, when F is isomorphic to O(n). Let a : F — O(n) be an
isomorphism. Define
Ay = (Fa)™ o Ag(,) 0 Ha

If 6: F — O(n) is another isomorphism, then 3 = Aa for some 0 # X\ € k, whence
(FB)~t = A"} (Fa)~! and HB = AHa; thus the definition of §7 does not depend
on the choice of a.

We now define A » for arbitrary F by writing F as a direct sum of indecompos-
ables, say F = @©F;, and defining Ar := ©Ax, .
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To show that A is a natural transformation we must show that

HF . Hg

(56) Al A
FF—FG
Ff

commutes for all 7 and G and all maps f : F — G. It suffices to check this when
F and G are indecomposable. The diagram commutes when G is torsion because
FG = 0 then. If G is torsion-free and F torsion, then f = 0 so the diagram
commutes. Thus, the only remaining case is that when F = O(i) and G = O(j)
with ¢ < j.

Write f = 87 tga were a : F — O(i) and 3 : G — O(j) are isomorphisms and
0# g:O(i) — O(j). We can write g = 911 - - - 91 where each ¢; : O(1—1) —
O(l) is monic. Now
éo@) oHg :éo@) oHyjo---oHp1 =Fipjo---0Fh 4 Oé@(i) = Fgoéo(i).
Therefore,

AgoHf = Fp! oApoHBoHf
= Fﬂ_l OAO(j) oHgo Ha
= Fp! OFQOAO(i) oHa
= FfoFa™! 0o Ay o Ha
= FfoAy,.
This shows that (56) commutes and so completes the proof that A is natural.

Finally, A r is monic for all indecomposable coherent F and hence for all coherent
F. It follows from Lemma 8.5 that A extends to a monic natural transformation

A:H—F.
O

8.2. The Structure of Admissible Functors in funct(QcohP!, QcohP?). In
this subsection, we work towards a proof, realized in Corollary 8.10, that the monic
A constructed in Proposition 8.6 is split. We assume, throughout the subsection,
that X and Y are projective schemes, F,G, M € QcohX are coherent, and F' is an
object of functy(QcohX, QcohY).

We first define a natural transformation

@p i Fleohx — Hom(—,G)"|conx @k F'G

which will be used to split the monic A constructed in Proposition 8.6. To this
end, we let

nrg : k — Homx(F,G)" ®, Homx (F,G)
be defined as follows: nrg(a) = a(}_, f7 ® fi) where {f1,..., fm} is a basis for
Homy (F,G). We next note that the functor F' induces a map
(57) (15_7:7g :HOmx(f,g) Qx FF — FG

as follows: if U is an open set in Y, and s € FF(U), we define (57) over U to be
the map

f@s—F(f)U)(s).
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We define the natural transformation
(58) Pp 1 Fleohx — Hom(—,G)"|cohx @k F'G.
as follows:
Opr: FF — Homx(F,G)* @, FG
is defined by be the composition of
nrg Qr FF : FF — Homx (F,G)* ®, Hom(F,G) @ FF
with
Homx (F,G)" ®k ¢r,¢ : Homyx (F,G)* ®; Homx (F,G) & FF —
Homx (F,G)" @k FG.

The proof that @ is natural is straightforward and we omit it.

Lemma 8.7. If N is a coherent object of QcohY , G is an invertible Ox-module
and
F =Homx(—,G)" @ N,
then the morphism ®g is an isomorphism.
Proof. Let {f1,..., fm} be a basis for Homx (F,G) and let U be open in Y. Then
sends s € FF(U) to >0, fr @ F(f;)(U)(s).
Suppose s is a simple tensor, so
s=0®t € Homx (F,G)* @, N(U).
We describe F(f;)(U)(0 ® t). The map f; : F — G induces the map
—o f; : Homx (G,G) — Homx (F,G).
Dualizing gives a map
Homx (F,G)" — Homx (G,G)*

which sends 6 to d o (— o f;). Hence, F(f;)(U)(d®t)=>.1", ff®do(—o f;)®t.
Next, we note that the map do(—o f;) € Homx (G, G)* = k sends multiplication
by « to multiplication by ad(f;). Let us denote this map by fias(s,)-
Now, the function

Homy (F,G)* — Homy (F,G)* @ Homx(G,G)*

defined by sending 0 to ), fi* ®x ps(y,) is injective and k-linear, hence an isomor-
phism of vector spaces. Therefore, since

@rr(U) : Homx (F,G)" @, N(U) — Homx (F,G)* ®r Homx (G,G)" @ N (U)

is the identity on N (U), ®p#(U) is an isomorphism. Therefore ® is an isomor-
phism. O

Lemma 8.8. Let © : F/ — F be a natural transformation between elements of
funct, (Qcoh X, QcohY'). Then the diagram

F&Homx(ag)* ®r FG

°f I

F’?Homx(f, G)* e, F'G
FI
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whose Tight vertical is induced by ©, commutes on coherent objects.

Proof. From the definition of ®, it suffices to show that the diagram
F —Homx (M, G)* ® Homx (M, G) @ F

(59) o| |
F'— Homx (—,G)* @, Homx (—,G) @, F’

whose right vertical is induced by © and whose horizontals are induced by the unit
map k — Homx(—,G)* ® Homx(—,G) commutes, and that the diagram

HomX(M,g) Qx FM—FG

(60) T Teg
Homyx (M, G) @, FFM—F'G

whose left vertical is induced by © and whose horizontals are induced by evalu-
ation, commutes. It is straightforward to check (59) commutes. We now study
the commutivity of (60). The top route of (60) evaluated on the open set U C Y
sends f @z to F(f)(U)(©Om(U)(z)) while the bottom route of (60) sends f ® x to
Og(U)F'(f)(U)(z). These values are equal by the naturality of ©. O

Lemma 8.9. If F € functy(QcohX, QcohP?), is such that there exists an invertible
G € QcohX and a monomorphism

¥ :Homx(—,G)" — F
in functy,(Qcoh X, QcohP?), then the restriction of U to coherents,
¥ : Homx (—, G)*[cohx — F'lconx,
splits.
Proof. Let ¢ : FG — Homx (G, G)* be a splitting of ¥g. Consider the diagram

F Srag Homx (M, G)* & F(G)
v |
Homx (M, g)*q) — Homx (M, G)* ®; Homx (G,G)*
Hom x (—,6)*M

whose right vertical is induced by ¥g. The bottom horizontal is an isomorphism
by Lemma (8.7), and the diagram commutes by Lemma 8.8. It follows that the
diagram

F L Homx (M, G)* @ F(G)
vae] |
Homyx (M, G)* — Homx (M, G)* ® Homx (G, G)*
PHom x (—,6)*
whose right vertical is induced by 1, commutes. O
Corollary 8.10. If F € functy(QcohP!, QcohP?) is admissible, then the monic
A:HY (P, (=)(-2-71)) — F

constructed in Proposition 8.6 splits.
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Proof. The monic A restricts to a monic
é . Hl (P17 (_)(_2 - "n))‘cohIP>1 B —F|cohIP’1 .
By Serre duality, A induces a monic
é/ . Hompl (—, O(’I"))*L:oh]pl E— F|COhP1
which by Lemma 8.9, admits a splitting
g/ : F|cohIP1 - Hom]P’l(_a O(T))*|coh]1”1~
The map ¥’ induces, by Serre duality again, a splitting
U Flegppr — HY (P (=) (=2 = 7)) |cohpr -
of A. We claim that ¥ extends to a splitting
(61) U F — H' (P (=)(-2-71))

of A. To this end, Lemma 8.5 implies that ¥ has a unique extension (61). We also
know that WA restricts on coherent objects to the map ¥ A = idg1(p1 (—)(—2-r))|
But by Lemma 8.5, ¥ A extends uniquely to a natural transformation

HY (P, (=)(~2 = 1)) — H(P', (~)(~2 — 7).
Thus, WA = id g1 (p1,(—)(—2—r)), Whence the Corollary. ([l

cohpl

We omit the straightforward proof of the following

Lemma 8.11. Suppose F € functy(QcohP!, QcohP?) is admissible.
If F = A® B in functy(QcohP!, QcohP?), and if A is non-zero, then A is ad-
missible as well.

Corollary 8.12. If F € functy(QcohP!, QcohP®) is admissible, then there ewist
integers m,n; > 0 such that
Fox_ H'(P'(-)0)"".
Proof. Consider the set C of pairs (H, V) where
0#H=oE_,H (P (-)()"™

with n; > 0 for all ¢, n_,, > 0 and where ¥ : H — F is a split monomorphism.
By Corollary 8.10, there exits a split monomorphism

A:HYPL(9)()) — F
for some j € Z. Thus, the set C' is nonempty.

We next note that the set

{m|(®2_,, H (P, (—)(i))®", ¥) € C with n_,, > 0}

has a maximum, which we call M. If not, the dimension of FFO would be infinite,
contradicting the fact that F € functs(QcohP!, QcohP?).
Similarly, for each i > —M, the set
{nil(@2_,, H' (P!, (-) (@)™, ¥) € C}

has a maximum, which we call N;.
We next claim that there exists a split monomorphism

0:H=a>,H (P, (-):)®Y — F.
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We define O as follows: let (H;, ;) be an element of C' whose first component has a
summand of the form H (P!, (—)(i))®": and let © be induced by the compositions
61-:
(P!, ()0) — B 2 F
whose left composite is the canonical inclusion. Let T; denote the splitting of ©;
induced by the splitting of ;.
In order to define a splitting of ©, we first define a natural map
T: F’|<:oh]P’1 — ]{|¢::ohIP>1

as follows. Since H!(P', M(i)) = 0 for all i >> 0, there exists an integer N such
that
H(M) =& _ H'(P', M(i))®N:.
We define
Ty : F(M) — HM)

as @fi7 mYim.

It remains to prove that Y is natural. But this follows from the naturality of Y;
since, for coherent F and M, there exists an integer N such that if

H' =& H' (B, (—))™,

then H(F) = H'(F) and H(M) = H'(M). Thus, Y is natural. Hence, by Lemma
8.5, X extends to a morphism

T:F— H.
As in the proof of Corollary 8.10, YO = idg. Therefore, © is a split monomorphism,
as claimed.

To complete the proof, we claim © is an isomorphism. For, since © is split, we

have

F2HoF'.
If F/ # 0, then F’ is admissible by Lemma 8.11. Hence, by Corollary 8.10
F' = HY P!, (-)(j)) ® F" for some integer j. Therefore, there exists a split
monomorphism

Ho H'(PY, (-)(5) — F.

It follows that N; is not maximal, which is a contradiction. [l

8.3. The Structure of Objects in bimody (P! — P°) with ker I'» Right-exact.
Our structure theorem for objects of bimody, (P* — PY) is the following

Corollary 8.13. Suppose F € bimody(P* — P°). If ker 'z is right-ezact, then for
some m,n; > 0, there is an exact sequence

0— & H'(P',(=)()®" — F ™5 — @0, W(F) — 0

i=—m

in Functy,(QcohP!, QcohP?).
Proof. By Proposition 7.5, there is an exact sequence
(62) 0—>kerFF—>F£>—®@X W(F)—0

in Functy(QcohP!, QcohP?). By Corollary 6.8, ker 'z is totally global. Since the
functors F' and —®p,, W (F') commute with direct-limits, so does ker I'. Therefore,
ker 'z is an object of bimody (P! — P?). Hence, the result follows from Corollary
8.12. ([
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Lemma 8.14. If F is an object of bimody (P* — PY) then

(1) the functor kerT'p is half-exact on short exact sequences of vector-bundles,

and
(2) the map ker F(¢) — ker(v @ W(F)) induced by T is epic for 0 £ ¢ €
Hom(O(3),0(i + 1)) iff ker I'rp(v)) is epic.

Proof. Let
(63) 0—F —F —F3—0

be a short-exact sequence of vector-bundles. Then by Proposition 7.5, there is an
exact sequence

(64) 0—kerTp — F 15 — @0, W(F) — 0

and we apply it to (63) to get a commutative diagram
0 0 0

kerT'p(F1) — kerI'p(Fz) — kerI'p(F3)

F(F) — F(F) — FF) —0

0—F; ®oy W(F)—F, @0, W(F)—F3 @0, W(F)

! | l

0 0 0
with exact columns and exact second and third row. The half-exactness of ker '
now follows from a standard diagram chase.
We now prove the second assertion. There is a short-exact sequence

(65) 0—O0m) 5 0m+1) — 0, —0

where p € P! is closed. We apply the exact sequence (64) to (65). We get a diagram
0 0
l l

Ker[p(O(n)) “"LEM)

| l |

)

ker T (O(n + 1)) 0

ker F () — F(O(n))

| | ! [~

R0y W(F)
X 0m+ 1) ®o, WF)—0p ®oy W(F)

F(O(n+1)) —_— F(Oyp) —0

»
ker($ @0 W(F)—0(n) @0, W (F)

| ! |

0 0 0
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whose columns and second row is exact. The result now follows from the serpent
lemma on the two middle columns. ([l

Corollary 8.15. Let F be a nonzero object of bimody (P! — P%). Then ker['p
is right-exact if and only if the condition of Lemma 8.14(2) is satisfied for all
¥ € Hom(O(i),O(i + 1)) and all i. In this case, there exist integers m,n; > 0 such
that

(66) kerI'p = @;’i_mHl(Pl,(—)(i))@m_

Proof. If ker 'y is right-exact and 0 # ¢ € Hom(O(i), O(i + 1)), then kerI'p(v)) is
epic since ker I'r is totally global by Corollary 6.8. It follows that the condition of
Lemma 8.14(2) holds for all s.

Conversely, ker I'r commutes with direct-limits since the functors F' and — ®p
W (F) commute with direct-limits. Therefore, by Lemma 8.14(1) and Corollary 6.8,
ker I'r is admissible. Hence, Corollary 8.13 applies to ker 'z, and (66) follows. In
particular, ker I'r is right-exact. ([
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